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Abstract 



We describe the foundation of the log minimal model program for log canon- 
ical pairs according to Ambro's idea. We generalize KoUar's vanishing and 
torsion-free theorems for embedded simple normal crossing pairs. Then we 
prove the cone and contraction theorems for quasi-log varieties, especially, 
for log canonical pairs. 
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Chapter 1 
Introduction 



In this book, we describe the foundation of the log minimal model program 
(LMMP or MMP, for short) for log canonical pairs. We follow Ambro's idea 
in |Amlj . First, we generalize KoUar's vanishing and torsion- free theorems 
(cf. |Kol] ) for embedded normal crossing pairs. Next, we introduce the no- 
tion of quasi-log varieties. The key points of the theory of quasi-log varieties 
are adjunction and the vanishing theorem, which directly follow from Kollar's 
vanishing and torsion-free theorems for embedded normal crossing pairs. Fi- 
nally, we prove the cone and contraction theorems for quasi-log varieties. The 
proofs are more or less routine works for experts once we know adjunction 
and the vanishing theorem for quasi-log varieties. Chapter [2] is an expanded 
version of my preprint jF9j and Chapter [3] is based on the preprint |F10j . 

After |KMj appeared, the log minimal model program has developed dras- 
tically. Shokurov's epoch-making paper |Shl] gave us various new ideas. The 
book |Bookj explains some of them in details. Now, we have [BCHM] , where 
the log minimal model program for Kawamata log terminal pairs is estab- 
lished on some mild assumptions. In this book, we explain nothing on the 
results in |BCHMj . It is because many survey articles were and will be writ- 
ten for [BCHMj . See, for example, [CHKLMj . [D?] . and [F19]. Here, we 
concentrate basics of the log minimal model program for log canonical pairs. 

We do not discuss the log minimal model program for toric varieties. It is 
because we have already established the foundation of the toric Mori theory. 
We recommend the reader to see [R], [Ml Chapter 14], [FS] . [F5j . and so 
on. Note that we will freely use the toric geometry to construct nontrivial 
examples explicitly. 

The main ingredient of this book is the theory of mixed Hodge struc- 
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tures. All the basic results for Kawamata log terminal pairs can be proved 
without it. I think that the classical Hodge theory and the theory of varia- 
tion of Hodge structures are sufficient for Kawamata log terminal pairs. For 
log canonical pairs, the theory of mixed Hodge structures seems to be indis- 
pensable. In this book, we do not discuss the theory of variation of Hodge 
structures nor canonical bundle formulas. 

Apologies. After I finished writing a preliminary version of this book, I 
found a more direct approach to the log minimal model program for log 
canonical pairs. In [F21j . I obtained a correct generalization of Shokurov's 
non-vanishing theorem for log canonical paris. It directly implies the base 
point free theorem for log canonical pairs. I also proved the rationality theo- 
rem and the cone theorem for log canonical pairs without using the framework 
of quasi-log varieties. The vanishing and torsion-free theorems we need in 
|F21j are essentially contained in |EVj . The reader can learn them by [F20j . 
where I gave a short, easy, and almost self-contained proof to them. There- 
fore, now we can prove some of the results in this book in a more elementary 
manner. However, the method developed in |F21] can be applied only to log 
canonical pairs. So, |F21j will not decrease the value of this book. Instead, 
|F21j will complement the theory of quasi-log varieties. I am sorry that I do 
not discuss that new approach here. 

Acknowledgments. First, I express my gratitude to Professors Shigefumi 
Mori, Yoichi Miyaoka, Noboru Nakayama, Daisuke Matsushita, and Hiraku 
Kawanoue, who were the members of my seminars when I was a graduate stu- 
dent at RIMS. In those seminars, I learned the foundation of the log minimal 
model program according to a draft of [KM] . I was partially supported by 
the Grant-in-Aid for Young Scientists (A) tj20684001 from JSPS. I was also 
supported by the Inamori Foundation. I thank Professors Noboru Nakayama, 
Hiromichi Takagi, Florin Ambro, Hiroshi Sato, Takeshi Abe and Masayuki 
Kawakita for discussions, comments, and questions. I would like to thank 
Professor Janos Kollar for giving me many comments on the preliminary ver- 
sion of this book and showing me many examples. I also thank Natsuo Saito 
for drawing a beautiful picture of a Kleiman-Mori cone. Finally, I thank 
Professors Shigefumi Mori, Shigeyuki Kondo, Takeshi Abe, and Yukari Ito 
for warm encouragement. 
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1.1 What is a quasi- log variety ? 



In this section, we informally explain why it is natural to consider quasi-log 
varieties. 

Let (Z, Bz) be a log canonical pair and \et f : V ^ Z he a. resolution 
with 

Kv + S + B = r{Kz + Bz), 

where Supp(S' + -B) is a simple normal crossing divisor, S is reduced, and 
Li? J < 0. It is very important to consider the locus of log canonical singular- 
ities W of the pair (Z, Bz), that is, W = f{S). By the Kawamata-Viehweg 
vanishing theorem, we can easily check that 

Ow ^ fM^~Bs^), 

where Ks + Bs = {Ky + S + B)\s. In our case, Bs = B\s- Therefore, it is 
natural to introduce the following notion. Precisely speaking, a qlc pair is a 
quasi-log pair with only qlc singularities (see Definition 13.291) . 

Definition 1.1 (Qlc pairs). A qlc pair [X, u] is a scheme X endowed with an 
R-Cartier M-divisor u such that there is a proper morphism / : {Y, By) X 
satisfying the following conditions. 

(1) y is a simple normal crossing divisor on a smooth variety M and there 
exists an M-divisor D on M such that Supp(i5 + F) is a simple normal 
crossing divisor, Y and D have no common irreducible components, 
and By = D\y- 

(2) f*u ~M Ky + By. 

(3) By is a subboundary, that is, bi < 1 for any i when By = Y^biBi. 

(4) Ox ^ UOy{^-{B<')^), where B<' = Eb^^.kB,. 

It is easy to see that the pair [VF,^^], where u = {Kx + B)\w, with 
/ : {S, Bs) — >■ W satisfies the definition of qlc pairs. We note that the pair 
[Z, Kz + Bz] with f : {V,S + B) ^ Z is also a qlc pair since f^Ovi^-B^) ~ 
Oz- Therefore, we can treat log canonical pairs and loci of log canonical sin- 
gularities in the same framework once we introduce the notion of qlc pairs. 
Ambro found that a modified version of X-method, that is, the method in- 
troduced by Kawamata and used by him to prove the foundational results 
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of the log minimal model program for Kawamata log terminal pairs, works 
for qlc pairs if we generalize KoUar's vanishing and torsion-free theorems for 
embedded normal crossing pairs. It is the key idea of [Amlj . 

1.2 A sample computation 

The following theorem must motivate the reader to study our new framework. 

Theorem 1.2 (cf. Theorem 13.391 (ii))- Let X be a normal projective variety 
and B a boundary M.- divisor on X such that {X, B) is log canonical. Let L 
be a Cartier divisor on X . Assume that L — {Kx + B) is ample. Let {Cj} 
be any set of Ic centers of the pair {X, B). We put W = [JCi with a reduced 
scheme structure. Then we have 

H\X,Iw^Ox{L)) = 

for any i > 0, where 1w "is the defining ideal sheaf ofWonX. In particular, 
the restriction map 

H\X,Ox{L)) ^ H\W,Ow{L)) 

is surjective. Therefore, if {X, B) has a zero- dimensional Ic center, then the 
linear system \L\ is not empty and the base locus of \L\ contains no zero- 
dimensional Ic centers of{X,B). 

Let us see a simple setting to understand the difference between our new 
framework and the traditional one. 

1.3. Let X be a smooth projective surface and let Ci and C2 be smooth 
curves on X. Assume that Ci and C2 intersect only at a point P transversally. 
Let L be a Cartier divisor on X such that L — {Kx + B) is ample, where 
i? = Ci + 6*2. It is obvious that {X, B) is log canonical and P is an Ic center 
of {X,B). Then, by Theorem 11.2^ we can directly obtain 

H\X,Ip®Ox{L)) = 

for any i > 0, where Ip is the defining ideal sheaf of P on X. 

In the classical framework, we prove it as follows. Let C be a general 
curve passing through P. We take small positive rational numbers e and 
6 such that (X, {1 — e)B + 6C) is log canonical at P and is Kawamata log 
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terminal outside P. Since e and S are small, L — {Kx + (1 — s)B + SC) is 
still ample. By the Nadel vanishing theorem, we obtain 

H\X,Ip^Ox{L)) = 

for any i > 0. We note that Ip is nothing but the multiplier ideal sheaf 
associated to the pair (X, (1 — e)B + 6C). 

By our new vanishing theorem, the reader will be released from annoyance 
of perturbing coefficients of boundary divisors. 

We give a sample computation here. It may explain the reason why 
KoUar's torsion-free and vanishing theorems appear in the study of log canon- 
ical pairs. The actual proof of Theorem 11.21 depends on much more sophisti- 
cated arguments on the theory of mixed Hodge structures. 

Example 1.4. Let 5 be a normal projective surface which has only one 
simple elliptic Gorenstein singularity Q & S. We put X = S x and 
B = S X {0}. Then the pair {X,B) is log canonical. It is easy to see that 
P = {Q,0) G X is an Ic center of {X,B). Let L be a Cartier divisor on X 
such that L — {Kx + B) is ample. We have 

H\X,Ip(E)OxiL)) = 

for any i > 0, where Xp is the defining ideal sheaf of P on X. We note that 
X is not Kawamata log terminal and that P is not an isolated Ic center of 
(X,i?). 

Proof. Let (p : T S he the minimal resolution. Then we can write Krp + 
C = (p*Ks, where C is the yj-exceptional elliptic curve on T. We put Y = 
T X pi and / = X idpi : F X, where idpi : ^ is the identity. Then 
/ is a resolution of X and we can write 

Ky + BY + E = f*{Kx + B), 

where By is the strict transform of -B on F and ~ C x P^ is the exceptional 
divisor of /. Let g : Z Y he the blow-up along E fl By- Then we can 
write 

Kz + Bz + Ez + F = g*{Ky + By + E) = h*{Kx + S), 

where h = f o Bz (resp. Ez) is the strict transform of By (resp. E) on Z, 
and F is the gf-exceptional divisor. We note that 

Ip ~ KOz{-F) c KOz ^ Ox. 
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Since -F ^ Kz + Bz + Ez - h*{Kx + B),we have 

Ip ® Ox{L) ~ KOz{Kz + Bz + Ez) ® Ox{L - {Kx + B)). 

So, it is sufficient to prove that 

W{X, KOz{Kz + Bz + Ez)®C) = Q 

for any i > and any ample fine bundle C on X. We consider the short 
exact sequence 

^ Oz{Kz) ^ Oz{Kz + Ez) ^ Oe,{Ke,) ^ 0. 

We can easily check that 

^ KOz{Kz) ^ KOz{Kz + Ez) ^ KOe^Ke,) ^ 

is exact and 

R'KOz{Kz + Ez) ~ R'KOeMez) 

for any i > by the Grauert-Riemenschneider vanishing theorem. We can 
directly check that 

R^KOe,{Ke,) ^ R^hOE{KE) ^ Od{Kd), 

where D = g X C X. Therefore, R^KOz{Kz + Ez) ~ Od{Kd) is a 
torsion sheaf on X. However, it is torsion-free as a sheaf on D. It is a 
generalization of KoUar's torsion-free theorem. We consider 

^ Oz{Kz + Ez) ^ Oz{Kz + Bz + Ez) ^ ObAKb,) ^ 0. 

We note that BzdEz ^ 0. Thus, we have 

h,Oz{Kz + Ez) ^ KOz{Kz + Bz + Ez) ^ KOb,{Kb,) 
^ R^KOz{Kz + Ez)^-- - . 

Since Supp/i*OB^(i^B^) = 5, 5 is a zero map by R^h^Oz{Kz + -Bz) — 
Od{Kd)- Therefore, we know that the following sequence 

^ KOz{Kz + Ez) ^ KOz{Kz + Bz + Ez) ^ KOb,{Kb,) ^ 
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is exact. By Kollar's vanishing theorem on Bz-, it is sufficient to prove that 
H\X, h^Oz{Kz + Ez) ® C) = for any i > and any ample hne bundle C 
We have 



H\X, KOz{Kz) ®C) = H\X, KOeAKe,) ® C) = Q 

for any i > by Kollar's vanishing theorem. By the following exact sequence 

. H\X, KOz{Kz) ®C)-^ H\X, KOz{Kz + Ez)) 

^H\X,KOeAKe,))^--- . 

we obtain the desired vanishing theorem. Anyway, we have 

H\Xap®Ox{L)) = ^ 

for any i > 0. □ 



1.3 Overview 



We summarize the contents of this book. 

In the rest of Chapter[T], we collect some preliminary results and notations. 
Moreover, we quickly review the classical log minimal model program. 

In Chapter [21 we discuss Ambro's generalizations of Kollar's injectivity, 
vanishing, and torsion-free theorems for embedded normal crossing pairs. 
These results are indispensable for the theory of quasi-log varieties. To prove 
them, we recall some results on the mixed Hodge structures. For the details 
of Chapter [2|, see Section 12. ![ which is the introduction of Chapter [2l 

In Chapter [31 we treat the log minimal model program for log canonical 
pairs. In Section 13. 1[ we explicitly state the cone and contraction theorems 
for log canonical pairs and prove the log flip conjecture I for log canonical 
pairs in dimension four. We also discuss the length of extremal rays for log 
canonical pairs with the aid of the recent result by |BCHMj . Subsection 
13.1.41 contains Kollar's various examples. We prove that a log canonical flop 
does not always exist. In Section 13.21 we introduce the notion of quasi-log 
varieties and prove basic results, for example, adjunction and the vanishing 
theorem, for quasi-log varieties. Section 13.31 is devoted to the proofs of the 
fundamental theorems for quasi-log varieties. First, we prove the base point 
free theorem for quasi-log varieties. Then, we prove the rationality theorem 
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and the cone theorem for quasi-log varieties. Once we understand the notion 
of quasi-log varieties and how to use adjunction and the vanishing theorem, 
there are no difficulties to prove the above fundamental theorems. 

In Chapter HI we discuss some supplementary results. Section 14.11 is 
devoted to the proof of the base point free theorem of Reid-Fukuda type 
for quasi-log varieties with only qlc singularities. In Section 14.21 we prove 
that the non-kit locus of a dlt pair is Cohen-Macaulay as an application of 
the vanishing theorem in Chapter [2J Section 14.31 is a detailed description 
of Alexeev's criterion for Serre's 5*3 condition. It is an application of the 
generalized torsion-free theorem. In Section 14.41 we recall the notion of toric 
polyhedra. We can easily check that a toric polyhedron has a natural quasi- 
log structure. Section 14.51 is a short survey of the theory of non-lc ideal 
sheaves. In the finial section, we mention effective base point free theorems 
for log canonical pairs. 

In the final chapter: Chapter El we collect various examples of toric flips. 

1.4 How to read this book ? 

We assume that the reader is familiar with the classical log minimal model 
program, at the level of Chapters 2 and 3 in [KMj . It is not a good idea to read 
this book without studying the classical results discussed in |KM] . |KMM] . 
or [M]. We will quickly review the classical log minimal model program in 
Section 11.61 for the reader's convenience. If the reader understands [KM[ 
Chapters 2 and 3], then it is not difficult to read |F16] . which is a gentle 
introduction to the log minimal model program for Ic pairs and written in 
the same style as [KMj . After these preparations, the reader can read Chapter 
[3] in this book without any difficulties. We note that Chapter [3] can be read 
before Chapter [21 The hardest part of this book is Chapter [21 It is very 
technical. So, the reader should have strong motivations before attacking 
Chapter M 

1.5 Notation and Preliminaries 

We will work over the complex number field C throughout this book. But we 
note that by using Lefschetz principle, we can extend almost everything to 
the case where the base field is an algebraically closed field of characteristic 
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zero. Note that every scheme in this book is assumed to be separated. We 
deal not only with the usual divisors but also with the divisors with rational 
and real coefficients, which turn out to be fruitful and natural. 

1.5 (Divisors, Q-divisors, and M-divisors). For an M-Weil divisor D = 

such that Di ^ Dj for i ^ j, we define the round-up ^D^ = 'Y^^j=i' ^PDj 
(resp. the round-down \_D_i = ^^j=i^djjiDj), where for any real number x, 
'"a;"' (resp. lxj) is the integer defined by x < ^x'^ < x + 1 (resp. x — 1 < 
lxj < x). The fractional part {D} of D denotes D — i_D_i. We define 

dj=l dj<l 

= J2 djDj, and = ^ djDj. 

dj<l d-j>l 

The supportoi D = X]j=i ^j^jy denoted by SuppD, is the subscheme Ud^^o ^j- 
We call D a boundary (resp. subboundary) M-divisor if < rfj < 1 (resp. dj < 
1) for any j. Q-linear equivalence (resp. ^.-linear equivalence) of two Q- 
divisors (resp. R-divisors) Bi and B2 is denoted by Bi ~q B2 (resp. Bi ~k 
-62)- Let / : X — > y be a morphism and Bi and B2 two M-divisors on X. 
We say that they are linearly f -equivalent (denoted by i?i ~/ B2) if and 
only if there is a Cartier divisor BonY such that i?i ~ i?2 + f*B. We 
can define Q-linear (resp. R-linear) f -equivalence (denoted by Bi B2 
(resp. Bi ~]Rj B2)) similarly. 

Let X be a normal variety. Then X is called Q-factorialif every Q-divisor 
is Q-Cartier. 

We quickly review the notion of singularities of pairs. For the details, see 
p<Ml §2.3], [Ko4] . and [FT]. See also the subsection [LSH 

1.6 (Singularities of pairs). For a proper birational morphism f : X ^ Y, 
the exceptional locus Exc(/) C X is the locus where / is not an isomorphism. 
Let X be a normal variety and let B be an M-divisor on X such that Kx + B 
is M-Cartier. Let / : F ^ X be a resolution such that Exc(/) U f~^B has 
a simple normal crossing support, where f~^B is the strict transform of B 
on Y. We write Ky = f*{Kx + B) + J2i ^iEi and a{Ei, X, B) = ai. We say 
that (X, B) is sub log canonical (resp. sub Kawamata log terminal) {sub Ic 
(resp. sub kit), for short) if and only if > —1 (resp. > —1) for any i. If 
(X, B) is sub Ic (resp. sub kit) and B is effective, then (X, B) is called log 
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canonical (resp. Kawamata log terminal) (Ic (resp. kit), for short). Note that 
the discrepancy a{E, X, 5) G M can be defined for any prime divisor E over 
X. Let {X, B) be a sub Ic pair. If £^ is a prime divisor over X such that 
a{E,X,B) = —1, then the center cx{E) is called an Ic center of {X,B). 

Definition 1.7 (Divisorial log terminal pairs). Let X be a normal variety 
and B a boundary M-divisor such that Kx + -B is M-Cartier. If there exists 
a resolution f : Y X such that 

(i) both Exc(/) and Exc(/) U Supp(/7^i?) are simple normal crossing di- 
visors on Y, and 

(ii) a{E,X,B) > —1 for every exceptional divisor E cY, 

then {X,B) is called divisorial log terminal {dlt, for short). 

For the details of dlt pairs, see Section I4l2l The assumption that Exc(/) 
is a divisor in Definition 11.71 (i) is very important. See Example 14. 161 below. 

We often use resolution of singularities. We need the following strong 
statement. We sometimes call it Szabo's resolution lemma (see [Si] and 
[FT]). 

1.8 (Resolution lemma). Let X be a smooth variety and D a reduced divisor 
on X. Then there exists a proper birational morphism f : Y ^ X with the 
following properties: 

(1) / is a composition of blow-ups of smooth subvarieties, 

(2) Y is smooth, 

(3) f^^D U Exc(/) is a simple normal crossing divisor, where f^^D is the 
strict transform of D on y, and 

(4) / is an isomorphism over U, where U is the largest open set of X such 
that the restriction D\u is a simple normal crossing divisor on U. 

Note that / is projective and the exceptional locus Exc(/) is of pure codi- 
mension one in Y since / is a composition of blowing-ups. 

The Kleiman-Mori cone is the basic object to study in the log minimal 
model program. 
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1.9 (Kleiman-Mori cone). Let X be an algebraic scheme over C and let 
TT : X ^ be a proper morphism to an algebraic scheme 5*. Let Pic(X) 
be the group of line bundles on X. Take a complete curve on X which is 
mapped to a point by vr. For C G Pic(X), we define the intersection number 
C ■ C = deg^/*£, where / : C ^ C is the normalization of C. Via this 
intersection pairing, we introduce a bilinear form 

• : Pic(X) X Zi{X/S) Z, 

where Zi[X/S) is the free abelian group generated by integral curves which 
are mapped to points on S by vr. 

Now we have the notion of numerical equivalence both in Zi{X/S) and 
in Pic(X), which is denoted by =, and we obtain a perfect pairing 

N\X/S) X Ni{X/S) M, 

where 

N\X/S) = {Pic(X)/ =}®R and Ni{X/S) = {Zi{X/S)/ =} ® M, 

namely {X/ S) and Ni {X/ S) are dual to each other through this intersec- 
tion pairing. It is well known that dim^ {X/ S) = dim^ Ni {X/ S) < oo. We 
write p{X/S) = dimu N\X/S) = dim^ iVi(X/5). We define the Kleiman- 
Mori cone NE{X/S) as the closed convex cone in Xi(X/5') generated by in- 
tegral curves on X which are mapped to points on S by vr. When S = SpecC, 
we drop /SpecC from the notation, e.g., we simply write Xi(X) in stead of 
Xi(X/SpecC). 

Definition 1.10. An element D G N^{X/S) is called n-nef [or relatively nef 
for vr), if D > on PIE{X/S). When S = SpecC, we simply say that D is 
nef. 

Theorem 1.11 (Kleiman's criterion for ampleness). Let tt : X ^ S be a 
projective morphism between algebraic schemes. Then C G Pic(X) is Tr- 
ample if and only if the numerical class of C in N'^{X/S) gives a positive 
function on WE{X/S) \ {0}. 

In Theorem 11.111 we have to assume that vr : X — * S* is projective since 
there are complete non-projective algebraic varieties for which Kleiman's 
criterion does not hold. We recall the explicit example given in |F6j for the 
reader's convenience. For the details of this example, see |F6l Section 3]. 
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Example 1.12 (cf. [Fg Section 3]). We fix a lattice N = Z^. We take lattice 
points 

t;i = (1,0,1), V2 = (0,1,1), vs = (-1,-1,1), 

V, = (1, 0, -1), V, = (0, 1, -1), ve = (-1, -1, -1). 

We consider the following fan 

{(^^1,1^2,^^4), {V2,V4,V5), {V2,V3,V5,V6), 
{vi,V3,V4,Vg), {vi,V2,V3), {v4,V5,Vq), 
and their faces 

Then the toric variety X = X(A) has the following properties. 

(i) X is a non-projective complete toric variety with p(X) = 1. 

(ii) There exists a Cartier divisor D on X such that D is positive on 
'NE(X) \ {0}. In particular, WE(X) is a half line. 

Therefore, Kleiman's criterion for ampleness does not hold for this X. We 
note that X is not Q-factorial and that there is a torus invariant curve C ~ 
on X such that C is numerically equivalent to zero. 

If X has only mild singularities, for example, X is Q-factorial, then it is 
known that Theorem 11.111 holds even when it : X S is proper. However, 
the Kleiman-Mori cone may not have enough informations when vr is only 
proper. 

Example 1.13 (cf. [FP]). There exists a smooth complete toric threefold X 
such that 'NE(X) = iVi(X). 

The description below helps the reader understand examples in [FPj . 

Example 1.14. Let A be the fan in whose rays are generated by vi = 
(l,0,0),t;2 = (0,l,0),t;3 = (0,0,1),V5 = (-1,0,-1),vq = (-2,-1,0) and 
whose maximal cones are 

{V1,V2,V3), {vi,V3,V6), {vi,V2,V^), {vi,V^,V(i), {V2,V3,V^), {v3,V^,Vq). 

Then the associated toric variety Xi = X(A) is Ppi(Cpi © Opi(2) © Cpi(2)). 
We take a sequence of blow-ups 

Y J^X3^X2^ Xi, 
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where /i is the blow-up along the ray = (0, —1, —1) = 3vi + + vq, /2 is 
along 

= (-1, -1, -1) = -{2v4 + V5 + ve), 
and the final blow-up /s is along the ray 

^8 = (-2, -1, -1) = ^iv5 + ve + V7). 

Then we can directly check that F is a smooth projective toric variety with 
piY) = 5. 

Finally, we remove the wall (^1,^5) and add the new wall {v2,V4). Then 
we obtain a fiop cj) : Y --->• X. We note that V2 + — Vi — = 0. The 
toric variety X is nothing but given in [FPl Example 1]. Thus, X 

is a smooth complete toric variety with p{X) = 5 and NE(X) = Ni(X). 
Therefore, a simple fiop : Y --->■ X completely destroys the projectivity of 
Y. 

We use the following convention throughout this book. 

1.15. ]R>o (resp. ]R>o) denotes the set of positive (resp. non-negative) real 
numbers. Z>o denotes the set of positive integers. 

1.6 Quick review of the classical MMP 

In this section, we quickly review the classical MMP, at the level of jKMl 
Chapters 2 and 3], for the reader's convenience. For the details, see |KM[ 
Chapters 2 and 3] or [KMMj . Almost all the results explained here will be 
described in more general settings in subsequent chapters. 

1.6.1 Singularities of pairs 

We quickly review singularities of pairs in the log minimal model program. 
Basically, we will only use the notion of log canonical pairs in this book. So, 
the reader does not have to worry about the various notions of log terminal. 

Definition 1.16 (Discrepancy). Let (X, A) be a pair where X is a normal 
variety and A an M-divisor on X such that Kx + A is M-Cartier. Suppose 
/ : y X is a resolution. Then, we can write 

Ky = r{Kx + A) + 5^ a{E,, X, A)E,. 
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This formula means that 

/,(5^a(E„X,A)E,) = -A 

i 

and that a(-Ej, X, ^)Ei is numerically equivalent to Ky over X. The real 
number a(i?,X, A) is called discrepancy of with respect to (X, A). The 
discrepancy of (X, A) is given by 

discrep(X, A) = inf {a(i?, X, A) | is an exceptional divisor over X}. 

E 

We note that it is indispensable to understand how to calculate discrep- 
ancies for the study of the log minimal model program. 

Definition 1.17 (Singularities of pairs). Let (X, A) be a pair where X is 
a normal variety and A an effective M-divisor on X such that Kx + A is 
M-Cartier. We say that (X, A) is 



terminal 
canonical 
< kit 
pit 
Ic 



if discrep(X, A) < 



>0, 
>0, 

> -1 and lA_ 

>-l, 

> -1. 



Here, pit is short for purely log terminal. 

The basic references on this topic are [KM, 2.3], [Ko4j . and |F7j . 



1.6.2 Basic results for kit pairs 

In this subsection, we assume that X is a projective variety and A is an 
effective Q-divisor for simplicity. Let us recall the basic results for kit pairs. 
A starting point is the following vanishing theorem. 

Theorem 1.18 (Vanishing theorem). Let X be a smooth projective variety, 
D a Q-divisor such that Snpp{D} is a simple normal crossing divisor on X . 
Assume that D is ample. Then 

H\X,OxiKx + ^D^))=0 

for i > 0. 
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It is a special case of the Kawamata-Viehweg vanishing theorem. It easily 
follows from the Kodaira vanishing theorem by using the covering trick (see 
|KMt Theorem 2.64]). In Chapter [2], we will prove more general vanishing 
theorems. See, for example, Theorem I2.39[ The next theorem is Shokurov's 
non-vanishing theorem. 

Theorem 1.19 (Non-vanishig theorem). Let X be a projective variety, D a 
nef Cartier divisor and G a Q-divisor. Suppose 

(1) aD + G — Kx is Q-Cartier, ample for some a > 0, and 

(2) (X, -G) IS sub kit. 

Then, for all m > 0, H\X, OxijnD + ^G^)) ^ 0. 

It plays important roles in the proof of the base point free and rationality 
theorems below. In the theory of quasi-log varieties described in Chapter 
[3], the non-vanishing theorem will be absorbed into the proof of the base 
point free theorem for quasi-log varieties. The following two fundamental 
theorems for kit pairs will be generalized for quasi-log varieties in Chapter 
[31 See Theorems I3.66[ 13.681 and 14.11 in Chapter HI 

Theorem 1.20 (Base point free theorem). Let (X, A) be a projective kit 
pair. Let D be a nef Cartier divisor such that aD — {Kx + A) is ample for 
some a > 0. Then \bD\ has no base points for all b ^ 0. 

Theorem 1.21 (Rationality theorem). Let (X, A) be a projective kit pair 
such that Kx + A is not nef. Let a > be an integer such that a{Kx + A) 
is Cartier. Let H be an ample Cartier divisor, and define 

r = max{ t G M | -ff + t{Kx + A) is nef }. 

Then r is a rational number of the form u/v (u, f G Z) where 

< w < a(dimX + 1). 

The final theorem is the cone theorem. It easily follows from the base 
point free and rationality theorems. 

Theorem 1.22 (Cone theorem). Let (X, A) be a projective kit pair. Then 
we have the following properties. 
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(1) There are {countably many) rational curves Cj C X such that 
NE{X) = iVE(X)(A',+A)>o + $^K>o[Q]. 



(2) Let R C NE{X) be a {Kx + A)-negative extremal ray. Then there 
is a unique morphism (pn : X Z to a projective variety such that 
{y^R)*Ox — Oz and an irreducible curve C G X is mapped to a point 
by (fR if and only if [C] E R. 

We note that the cone theorem can be proved for dlt pairs in the relative 
setting. See, for example, [KMMj . We omit it here. It is because we will 
give a complete generalization of the cone theorem for quasi-log varieties in 
Theorem 13.751 

1.6.3 X-method 

In this subsection, we give a proof to the base point free theorem (see Theo- 
rem ll.20p by assuming the non- vanishing theorem (see Theorem I1.19P . The 
following proof is taken almost verbatim from [KMl 3.2 Basepoint-free The- 
orem]. This type of argument is sometimes called X-method. It has various 
applications in many different contexts. So, the reader should understand 
X-method. 

Proof of the base point free theorem. We prove the base point free theorem: The- 
orem [ll20l 

Step 1. In this step, we establish that \mD\ ^ for every m ^ 0. We can 
construct a resolution f : Y X such that 

(1) Ky = f*{Kx + A) + ^ ajFj with all aj > -1, 

(2) f*{aD — {Kx + A)) — 'Yl,PjPj is ample for some a > and for suitable 
< <^ 1, and 

(3) ^ Fj{~^ Exc(/) U Supp/~^A) is a simple normal crossing divisor on Y . 
We note that the Fj is not necessarily /-exceptional. On F, we write 

f*{aD~{Kx + /^))-Y.PjF, 

= afW + 5^(a, - p,)F, - {f*{Kx + A) + a,F,) 
= af*D + G-Ky, 
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where G = ~ Pj)^j- By the assumption, '"G"' is an effective /- 

exceptional divisor, af*D + G — Ky is ample, and 

H\Y, OY{mf*D + ^G^)) ~ H\X, Ox{mD)). 

We can now apply the non- vanishing theorem (see Theorem II .IQp to get that 
H^{X, OximD)) ^ for all m > 0. 

Step 2. For a positive integer s, let B{s) denote the reduced base locus 
of \sD\. Clearly, we have B{s^) C -B(s^) for any positive integers u > v. 
Noetherian induction implies that the sequence B{s^) stabilizes, and we call 
the limit Eg. So either Bg is non-empty for some s or Eg and Bgi are empty 
for two relatively prime integers s and s' . In the latter case, take u and v such 
that B{s^) and B{s'^) are empty, and use the fact that every sufficiently large 
integer is a linear combination of s" and s'" with non-negative coefficients to 
conclude that \mD\ is base point free for all m S> 0. So, we must show that 
the assumption that some Bg is non-empty leads to a contradiction. We let 
m = such that Bg = B{m) and assume that this set is non-empty. 

Starting with the linear system obtained from Step [1], we can blow up 
further to obtain a new f :¥ ^ X for which the conditions of Step [1] hold, 
and, for some m > 0, 

f*\mD\ = \L\ (moving part) + ''^^VjFj (fixed part) 

such that \L\ is base point free. Therefore, IJ{/(-^i)ki > 0} the base 
locus of |mD|. Note that /~^Bs|mD| = Bs|m/*D|. We obtain the desired 
contradiction by finding some Fj with Vj > such that, for all 6 ^ 0, Fj is 
not contained in the base locus of \bf*D\. 

Step 3. For an integer 6 > and a rational number c > such that b > 
cm + a, we define divisors: 

N{b,c) = brD-KY + ^{-crj + aj-pj)Fj 
= {b — cm — a)f*D (nef) 

+c(m/*D — TjiTj) (base point free) 

+r{aD - {Kx + A)) - ^j9,F, (ample). 

Thus, N{b, c) is ample for b > cm + a. If that is the case then, by Theorem 
081 H\Y, Oyi^Nib, cy + Ky)) = 0, and 

^N{b, c)^ = bf*D + J2^-crj + aj - p^Fj - Ky. 
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Step 4. c and pj can be chosen so that 

Y.^-cr,+a,-p,)F,=A-F 

for some F = Fj^, where '"A"' is effective and A does not have F as a com- 
ponent. In fact, we choose c > so that 

min(— cr^ + aj — Pj) = —1. 

j 

If this last condition does not single out a unique j, we wiggle the pj slightly to 
achieve the desired uniqueness. This j satisfies rj > and ''N{b, c)"' + Ky = 
bf*D + ^A'^ - F. Now Step E] implies that 

H°{Y, OyipfD + ^A^)) ^ H^{F, OF{bf*D + ^A^)) 

is surjective for b > cm + a. If Fj appears in '~A~^, then aj > 0, so Fj is 
/-exceptional. Thus, '~A~^ is /-exceptional. 

Step 5. Notice that 

N{b, c)\f = {brD + A-F-Ky)\f = [hrD + A)\f - Kp. 

So we can apply the non- vanishing theorem (see Theorem I1.19p on F to get 

H\F,OF{bf*D + ^A-^)) y^O. 

Thus, H'^{Y, OY{bf*D + ^ A~^)) has a section not vanishing on F. Since '"A"' 
is /-exceptional and effective, 

H^{Y, OY{bf*D + ^A^)) ~ H%X, OxibD)). 

Therefore, f{F) is not contained in the base locus of \bD\ for all 6^0. 
This completes the proof of the base point free theorem. □ 

In the subsection l3.3.1l we will prove the base point free theorem for quasi- 
log varieties. We recommend the reader to compare the proof of Theorem 
13.661 with the arguments explained here. 
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1.6.4 MMP for Q- factorial dlt pairs 

In this subsection, we explain the log minimal model program for Q-factorial 
dlt pairs. First, let us recall the definition of the log minimal model. 

Definition 1.23 (Log minimal model). Let (X, A) be a log canonical pair 
and f : X —* S a. proper morphism. A pair (X', A') sitting in a diagram 

X -U X' 

f\ /r 

s 

is called a log minimal model of (X, A) over S if 

(1) /' is proper, 

(2) has no exceptional divisors, 

(3) A' = 0,A, 

(4) Kx' + A' is /'-nef, and 

(5) a{E,X,A) < a{E,X',A') for every ^-exceptional divisor E G X. 

Next, we recall the fiip theorem for dlt pairs in [BCHMj and [HMj . We 
need the notion of small morphisms to treat fiips. 

Definition 1.24 (Small morphism). Let f : X ^ Y he a. proper birational 
morphism between normal varieties. If Exc(/) has codimension > 2, then / 
is called small. 

Theorem 1.25 (Log fiip for dlt pairs). Let ip : (X, A) ^ W be an extremal 
flipping contraction, that is, 

(1) (X, A) IS dlt, 

(2) is small projective and (p has only connected fibers, 

(3) —{Kx + A) is ip-ample, 

(4) p{X/W) = 1, and 

(5) X is Q-factorial. 
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Then we have the following diagram: 

X X+ 
\ / 

w 

(i) X+ is a normal variety, 

(ii) : X+ —>■ W is small projective, and 

(iii) Kx+ + A"*" is cp^ -ample, where is the strict transform of A. 

We call ip+ : A+) ^ W a {Kx + A)-fiip of^. 

Let us explain the relative log minimal model program for Q-factorial dlt 
pairs. 

1.26 (MMP for Q-factorial dlt pairs). We start with a pair (X, A) = (Xq, Aq). 
Let /o : Xq ^ 5 be a projective morphism. The aim is to set up a re- 
cursive procedure which creates intermediate pairs (Xj,Aj) and projective 
morphisms /j : Xj S. After some steps, it should stop with a final pair 
(X', A') and /' : X' ^ S. 

Step (Initial datum). Assume that we already constructed (Xi,Ai) and 
fi'.Xi-^S with the following properties: 

(1) Xj is Q-factorial, 

(2) (Xi, Ai) is dlt, and 

(3) fi is projective. 

Step 1 (Preparation) . If + Aj is fi-nef, then we go directly to Step [3] 
(2). If Kxi + Aj is not /j-nef, then we establish two results: 

(1) (Cone Theorem) We have the following equality. 

NE{X,/S) = NE{X,/S) 
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(2) (Contraction Theorem) Any {Kx^ + Aj)-negative extremal ray i?,, C 
NE[Xi/ S) can be contracted. Let ipn. : Xi ^ Yi denote the corre- 
sponding contraction. It sits in a commutative diagram. 

fi \ /9i 
S 

Step 2 (Birational transformations). If ip^. : Xi —>■ Yi is birational, then we 
produce a new pair (Xj+i, Aj+i) as follows. 

(1) (Divisorial contraction) If ifji^ is a divisorial contraction, that is, cpR^ 
contracts a divisor, then we set Xj+i = Yi, /j+i = gi, and Aj+i = 
(^R.)*Ai. 

(2) (Flipping contraction) If yj^^ is a flipping contraction, that is, ipR. is 
small, then we set (Xj+i, Aj+i) = {X^, Af), where (X^^, A^) is the flip 
of (fR., and /j+i = gi o (/}^.. See Theorem ll.25[ 

In both cases, we can prove that Xj+i is Q-factorial, /j+i is projective and 
(Xj+i, Aj+i) is dlt. Then we go back to Step [0] with (Xj+i, Aj+i) and start 
anew. 

Step 3 (Final outcome). We expect that eventually the procedure stops, 
and we get one of the following two possibilities: 

(1) (Mori fiber space) If ip^. is a Fano contraction, that is, dimFj < dimXj, 
then we set (X', A') = (X^, A^) and /' = U 

(2) (Minimal model) If Kx^ + Aj is fi-nef, then we again set (X', A') = 
(Xj, Aj) and /' = fi. We can easily check that (X', A') is a log minimal 
model of (X, A) over S in the sense of Definition II. 23[ 

By the results in |BCHMj and |HMj . all we have to do is to prove that 
there are no infinite sequence of flips in the above process. 

We will discuss the log minimal model program for (not necessarily Q- 
factorial) Ic pairs in Section 13. 1[ 
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Chapter 2 

Vanishing and Injectivity 
Theorems for LMMP 



2.1 Introduction 

The following diagram is well known and described, for example, in |KMt 
3.1]. See also Section [L6l 



Kawamata-Viehweg vanishing 
theorem 



Cone, contraction, rationaUty, 
and base point free theorems 
for kit pairs 



This means that the Kawamata-Viehweg vanishing theorem produces the 
fundamental theorems of the log minimal model program (LMMP, for short) 
for kit pairs. This method is sometimes called X-method and now classical. 
It is sufficient for the LMMP for Q-factorial dlt pairs. In |Amlj . Ambro 
obtained the same diagram for quasi-log varieties. Note that the class of 
quasi-log varieties naturally contains Ic pairs. Ambro introduced the notion 
of quasi-log varieties for the inductive treatments of Ic pairs. 



Kollar's torsion- free and van- 
ishing theorems for embedded 
normal crossing pairs 



Cone, contraction, rationality, 
and base point free theorems 
for quasi-log varieties 
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Namely, if we obtain Kollar's torsion-free and vanishing theorems for 
embedded normal crossing pairs, then X-method works and we obtain the 
fundamental theorems of the LMMP for quasi-log varieties. So, there exists 
an important problem for the LMMP for Ic pairs. 

Problem 2.1. Are the injectivity, torsion-free and vanishing theorems for 
embedded normal crossing pairs true? 

Ambro gave an answer to Problem 12. II in [Amll Section 3]. Unfortunately, 
the proofs of injectivity, torsion-free, and vanishing theorems in [ Aml[ Sec- 
tion 3] contain various gaps. So, in this chapter, we give an affirmative answer 
to Problem 12. II again. 

Theorem 2.2. Ambro 's formulation of Kollar's injectivity, torsion-free, and 
vanishing theorems for embedded normal crossing pairs hold true. 

Once we have Theorem 12.21 we can obtain the fundamental theorems 
of the LMMP for Ic pairs. The X-method for quasi-log varieties, which was 
explained in |AmH Section 5] and will be described in Chapter^], is essentially 
the same as the kit case. It may be more or less a routine work for the experts 
(see Chapter [3] and |F16j ). We note that Kawamata used Kollar's injectivity, 
vanishing, and torsion-free theorems for generalized normal crossing varieties 
in [Kal]. For the details, see [KaT] or [KMMl Chapter 6]. We think that 
|Kalj is the first place where X-method was used for reducible varieties. 

Ambro's proofs of the injectivity, torsion-free, and vanishing theorems 
in [Amlj do not work even for smooth varieties. So, we need new ideas 
to prove the desired injectivity, torsion-free, vanishing theorems. It is the 
main subject of this chapter. We will explain various troubles in the proofs 
in |AmH Section 3] below for the reader's convenience. Here, we give an 
application of Ambro's theorems to motivate the reader. It is the culmination 
of the works of several authors: Kawamata, Viehweg, Nadel, Reid, Fukuda, 
Ambro, and many others. It is the first time that the following theorem is 
stated explicitly in the literature. 

Theorem 2.3 (cf. Theorem 12. 48p . Let (X, B) be a proper Ic pair such that B 
is a boundary M-divisor and let L be a Q-Cartier Weil divisor on X . Assume 
that L — [Kx + B) is nef and log big. Then if ^ {X, Ox {L)) = for any q > 0. 

It also contains a complete form of Kovacs' Kodaira vanishing theorem 
for Ic pairs (see Corollary I2.43p . Let us explain the main trouble in |Aml[ 
Section 3] by the following simple example. 
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Example 2.4. Let X be a smooth projective variety and H a Cartier divisor 
on X. Let A be a smooth irreducible member of |2i7| and S a smooth divisor 
on X such that S and A are disjoint. We put B = 1^+5" and L = H+Kx+S. 
Then L ~q Kx + B and 2L ~ 2{Kx + B). We define £ = Ox{-L + Kx) as in 
the proof of [Amll Theorem 3.1]. Apply the argument in the proof of [AmU 
Theorem 3.1]. Then we have a double cover : Y ^ X corresponding to 
2B e \£-^\. Then vr.fi^ (log 7r*5) ~ fi^(log5)©fi^(log5)®£(^). Note that 
Q^{\ogB) ^ S is not a direct summand of '7r*fiy(log7r*S). Theorem 3.1 in 
jXmT] claims that the homomorphisms i/'?(X, OxiL)) OxiL + D)) 

are injective for all q. Here, we used the notation in [Amll Theorem 3.1]. In 
our case, D = mA for some positive integer m. However, Ambro's argument 
just implies that H^^X, Ox{L-^Bj)) Hi{X, is injective 

for any q. Therefore, his proof works only for the case when \_B_i = even if 
X is smooth. 

This trouble is crucial in several applications on the LMMP. Ambro's 
proof is based on the mixed Hodge structure of W{Y — 7r*i?,Z). It is a 
standard technique for vanishing theorems in the LMMP. In this chapter, 
we use the mixed Hodge structure of Hl{Y — tt*S, Z), where Hl(Y — Tr*^, Z) 
is the cohomology group with compact support. Let us explain the main 
idea of this chapter. Let X be a smooth projective variety with dimX = n 
and D a simple normal crossing divisor on X. The main ingredient of our 
arguments is the decomposition 

HliX-D,C) = H'^iX,nP^i\ogD)®Oxi-D)). 

p+q=i 

The dual statement 

if2-i(x-D,c) = i^"-^(x,^]7^(logD)), 

p+q=i 

which is well known and is commonly used for vanishing theorems, is not 
useful for our purposes. To solve Problem 12. H we have to carry out this 
simple idea for reducible varieties. 

Remark 2.5. In the proof of [Amll Theorem 3.1], if we assume that X is 
smooth, i?' = S" is a reduced smooth divisor on X, and T ~ 0, then we need 
the i?i-degeneration of 

= if«(X,fi^(log5) ® Oxi-S)) =^ ff+''(X,^]^(log5) ® Oxi-S)). 
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However, Ambro seemed to confuse it with the i?i-degeneration of 

Some problems on the Hodge theory seem to exist in the proof of |Amlt 
Theorem 3.1]. 

Remark 2.6. In |Am2^ Theorem 3.1], Ambro reproved his theorem under 
some extra assumptions. Here, we use the notation in |Am2^ Theorem 3.1]. In 
the last line of the proof of |Am2[ Theorem 3.1], he used the ii^i-degeneration 
of some spectral sequence. It seems to be the ii^i-degeneration of 

i' i' 

since he cited |D1 ' Corollary 3.2.13]. Or, he applied the same type of £"1- 
degeneration to a desingularization of X'. However, we think that the Ei- 
degeneration of 

Ef = H'^iX', fi^,(log(7r*i? + Ox'{-7r*R)) 

i' 

^W+'^{X',h'j,,{\ogiTT*R + J2E[>))(S)Ox'i-n*R)) 

i' 

is the appropriate one in his proof. If we assume that T ~ in |Am2[ 
Theorem 3.1], then Ambro's proof seems to imply that the E'l-degeneration 
of 

= i7«(X,l]^(logi?) ® =^ W^'i{X,n'x{\ogR) ® Oxi-R)) 

follows from the usual i?i-degeneration of 

= H'^{X, fi^) =^ W+^iX, Q'x). 

Anyway, there are some problems in the proof of |Am2l Theorem 3.1]. In 
this chapter, we adopt the following spectral sequence 

EP" = H\X\^f^,{\ogTi*R) ® Ox'i-n*R)) 
=^ eP+^(X',fi^,(log7r*i?) ® Ox'{-'rr*R)) 

and prove its i?i-degeneration. For the details, see Sections 12.31 and 12. 4[ 
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One of the main contributions of this chapter is the rigorous proof of 
Proposition 12.231 which we call a fundamental injectivity theorem. Even if 
we prove this proposition, there are still several technical difficulties to recover 
Ambro's results on injectivity, torsion-free, and vanishing theorems: Theo- 
rems |233] and [2311 Some important arguments are missing in jAmlj . We 
will discuss the other troubles on the arguments in [Amlj throughout Section 
I2.5[ See also Section [231 

2.7 (Background, history, and related topics). The standard references for 
vanishing, torsion-free, and injectivity theorems for the LMMP are |Ko3l 
Part III Vanishing Theorems] and the first half of the book [EVj . In this 
chapter, we closely follow the presentation of |EVj and that of [Amlj . Some 
special cases of Ambro's theorems were proved in [F41 Section 2]. Chapter 1 
in [KMM] is still a good source for vanishing theorems for the LMMP. We 
note that one of the origins of Ambro's results is |Ka2l Section 4]. However, 
we do not treat Kawamata's generalizations of vanishing, torsion-free, and 
injectivity theorems for generalized normal crossing varieties. It is mainly 
because we can quickly reprove the main theorem of [Kalj without appealing 
these difficult vanishing and injectivity theorems once we know a generalized 
version of Kodaira's canonical bundle formula. For the details, see |Fllj or 

We summarize the contents of this chapter. In Section [X^ we collect basic 
definitions and fix some notations. In Section 12. 3[ we prove a fundamental 
cohomology injectivity theorem for simple normal crossing pairs. It is a very 
special case of Ambro's theorem. Our proof heavily depends on the Ei- 
degeneration of a certain Hodge to de Rham type spectral sequence. We 
postpone the proof of the ii^i-degeneration in Section 12.41 since it is a purely 
Hodge theoretic argument. Section 12.41 consists of a short survey of mixed 
Hodge structures on various objects and the proof of the key ii^i-degeneration. 
We could find no references on mixed Hodge structures which are appropriate 
for our purposes. So, we write it for the reader's convenience. Section 12.51 
is devoted to the proofs of Ambro's theorems for embedded simple normal 
crossing pairs. We discuss various problems in |Aml[ Section 3] and give 
the first rigorous proofs to |Aml| Theorems 3.1, 3.2] for embedded simple 
normal crossing pairs. We think that several indispensable arguments such 
as Lemmas I2.33[ I2.34[ and 12.361 are missing in [Amll Section 3]. We treat 
some further generalizations of vanishing and torsion-free theorems in Section 
12. 6[ In Section \'2.7\ we recover Ambro's theorems in full generality. We 



29 



recommend the reader to compare this chapter with |Amlj . We note that 
Section fI77\ seems to be unnecessary for apphcations. Section 1^751 is devoted to 
describe some examples. In Section I2.9[ we will quickly review the structure 
of our proofs of the injectivity, torsion-free, and vanishing theorems. It may 
help the reader to understand the reason why our proofs are much longer 
than the original proofs in [Amll Section 3]. In Chapter [31 we will treat 
the fundamental theorems of the LMMP for Ic pairs as an application of 
our vanishing and torsion-free theorems. The reader can find various other 
applications of our new cohomological results in |F13] . |F14] . and [F15j . See 
also Sections 14. 4[ 14. 5[ and 14.61 

We note that we will work over C, the complex number field, throughout 
this chapter. 

2.2 Preliminaries 

We explain basic notion according to [Amll Section 2]. 

Definition 2.8 (Normal and simple normal crossing varieties). A variety X 
has normal crossing singularities if, for every closed point x G X, 

^ ^ ^ C[[xo,-- - ,xn]] 

{Xo---Xk) 

for some < A; < A^, where = dimX. Furthermore, if each irreducible 
component of X is smooth, X is called a simple normal crossing variety. 
If X is a normal crossing variety, then X has only Gorenstein singularities. 
Thus, it has an invertible dualizing sheaf ujx- So, we can define the canonical 
divisor Kx such that uJx — Ox{Kx)- It is a Cartier divisor on X and is well 
defined up to linear equivalence. 

Definition 2.9 (Mayer- Vietoris simplicial resolution). Let X be a simple 
normal crossing variety with the irreducible decomposition X = IJ-g^Xj. 
Let /„ be the set of strictly increasing sequences (io, ■ ■ ■ , ^n) in / and X" = 
Y{j Xj(j n ■ ■ ■ n Xj^ the disjoint union of the intersections of Xj. Let : 
X" — > X be the disjoint union of the natural inclusions. Then {X",£:„}„ 
has a natural semi-simplicial scheme structure. The face operator is induced 

by Aj- „, where A^- „ : x^^ n ■ ■ ■ n x,„ ^ x^^ n ■ ■ • n Xi^_, n Xi^^^ n • ■ ■ n Xi„ 

is the natural closed embedding for j < n (cf. |E2| 3.5.5]). We denote it by 
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e : X' X and call it the Mayer-Vietoris simplicial resolution of X. The 
complex 

eo^:Oxo EuOx^ ek*Oxk 

where the differential dk : Sk^Ox^ — * ^k+i*Oxk+-^ is X]j=o(~l)"''^i fc+i 

/c > 0, is denoted by Ox*- It is easy to see that Ox- is quasi-isomorphic to 

Ox- By tensoring £, any line bundle on X, to Ox*, we obtain a complex 

where £" = It is denoted by C* . Of course, £* is quasi-isomorphic to C. 
We note that H'^{X',C') is EI^(X, £') by the definition and it is obviously 
isomorphic to H'^{X, C) for any g > because C* is quasi-isomorphic to £. 

Definition 2.10. Let X be a simple normal crossing variety. A stratum of 
X is the image on X of some irreducible component of X*. Note that an 
irreducible component of X is a stratum of X. 

Definition 2.11 (Permissible and normal crossing divisors). Let X be a 
simple normal crossing variety. A Cartier divisor D on X is called permissible 
if it induces a Cartier divisor D* on X'. This means that = e^D is a 
Cartier divisor on X„ for any n. It is equivalent to the condition that D 
contains no strata of X in its support. We say that D is a normal crossing 
divisor on X if, in the notation of Definition 12.81 we have 

_ C[[.To,--- ,xn]] 
Od,x ^ 1 r 

yXQ ■ ■ ■ Xk ) 2; j J ■ ■ ■ X ) 

for some {ii, ■■■,«;} C {k + 1, - ■ ■ ,N}. It is equivalent to the condition 
that is a normal crossing divisor on X" for any n in the usual sense. 
Furthermore, let D be a normal crossing divisor on a simple normal crossing 
variety X. If D" is a simple normal crossing divisor on X" for any n, then 
D is called a simple normal crossing divisor on X. 

The following lemma is easy but important. We will repeatedly use it in 
Sections 12.31 and 12.51 

Lemma 2.12. Let X be a simple normal crossing variety and B a permis- 
sible M.-Cartier M.-divisor on X, that is, B is an ^.-linear combination of 
permissible Cartier divisor on X , such that \_B_i = 0. Let A be a Cartier di- 
visor on X. Assume that A ~k B. Then there exists a Q-Cartier Q-divisor 
C on X such that A ~(q C, lCj = 0, and SuppC = Suppi?. 
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Sketch of the proof. We can write B = A + J2i where G r(X, JC^) 

and G M for any i. Here, JCx is the sheaf of total quotient ring of Ox- 
First, we assume that X is smooth. In this case, the claim is well known 
and easy to check. Perturb r^'s suitably. Then we obtain a desired Q-Cartier 
Q-divisor C on X. It is an elementary problem of the linear algebra. In the 
general case, we take the normalization Eq : X° X and apply the above 
result to e^A, e^B, and eKfiYs. We note that Eq : Xi X is a closed 
embedding for any irreducible component Xj of X^. So, we get a desired 
Q-Cartier Q-divisor C on X. □ 

Definition 2.13 (Simple normal crossing pair). We say that the pair (X, B) 
is a simple normal crossing pair if the following conditions are satisfied. 

(1) X is a simple normal crossing variety, and 

(2) B is an M-Cartier M-divisor whose support is a simple normal crossing 
divisor on X. 

We say that a simple normal crossing pair (X, B) is embedded if there exists 
a closed embedding l : X M, where M is a smooth variety of dimension 
dimX + 1. We put Kxo + 6 = e^Kx + B), where Eq : X'^ ^ X is the 
normalization of X. From now on, we assume that -B is a subboundary M- 
divisor. A stratum of (X, B) is an irreducible component of X or the image 
of some Ic center of (X°, 0) on X. It is compatible with Definition 12. 101 when 
B = 0. A Cartier divisor D on a simple normal crossing pair (X, B) is called 
permissible with respect to (X, B) if D contains no strata of the pair (X, B). 

Remark 2.14. Let (X, B) be a simple normal crossing pair. Assume that X 
is smooth. Then (X, B) is embedded. It is because X is a divisor on X x C, 
where C is a smooth curve. 

We give a typical example of embedded simple normal crossing pairs. 

Example 2.15. Let M be a smooth variety and X a simple normal crossing 
divisor on M. Let A be an R-Cartier R-divisor on M such that Supp(X+y4) is 
simple normal crossing on M and that X and A have no common irreducible 
components. We put B = A\x- Then {X,B) is an embedded simple normal 
crossing pair. 

The reader will find that it is very useful to introduce the notion of global 
embedded simple normal crossing pairs. 
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Definition 2.16 (Global embedded simple normal crossing pairs). Let Y be 
a simple normal crossing divisor on a smooth variety M and let D be an 
M-divisor on M such that Supp(D + Y) is simple normal crossing and that 
D and Y have no common irreducible components. We put By = D\y and 
consider the pair {Y,By). We call {Y,By) a global embedded simple normal 
crossing pair. 

The following lemma is obvious. 

Lemma 2.17. Let (X, S + B) be an embedded simple normal crossing pair 
such that S + B is a boundary W-divisor, S is reduced, and \-B_i = 0. Let 
M be the ambient space of X and f : N ^ M the blow-up along a smooth 
irreducible component C o/ Supp(S' + B). Let Y be the strict transform of 
X on N . Then Y is a simple normal crossing divisor on N . We can write 
Ky + Sy + By = f*{Kx + S + B), whcrc Sy + By IS a boundary R-CartierR- 
divisor on Y such that Sy is reduced and \_By_i = 0. In particular, {Y, Sy + 
By) is an embedded simple normal crossing pair. By the construction, we 
can easily check the following properties. 

(i) Sy is the strict transform of S on Y if C G Supp-B, 

(ii) By is the strict transform of B on Y if C G SuppS", 

(iii) the f -image of any stratum of (Y, Sy + By) is a stratum of {X, S -\- B), 
and 

(iv) R'f^Oy = fori>0 and f^Oy - Ox- 

As a consequence of Lemma 12.171 we obtain a very useful lemma. 

Lemma 2.18. Let {X,Bx) be an embedded simple normal crossing pair, 
Bx a boundary M.-divisor, and M the ambient space of X . Then there is a 
projective birational morphism f : N ^ M, which is a sequence of blow-ups 
as in Lemma I2.17|. with the following properties. 

(i) Let Y be the strict transform of X on N. We put Ky + By = f*{Kx + 
Bx)- Then {Y,By) is an embedded simple normal crossing pair. Note 
that By is a boundary M-divisor. 

(ii) f : Y ^ X is an isomorphism at the generic point of any stratum of 
Y. f -image of any stratum of{Y,By) is a stratum of {X, Bx)- 
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(iii) R'f^Oy = for any i > and f^Oy ^ Ox- 

(iv) There exists an ^.-divisor D on N such that D and Y have no common 
irreducible components and Supp(D + Y) is simple normal crossing 
on N, and By = D\y. This means that the pair {Y,By) is a global 
embedded simple normal crossing pair. 

The next lemma is also easy to prove. 

Lemma 2.19 (cf. |Amll p. 216 embedded log transformation]). Let X be a 

simple normal crossing divisor on a smooth variety M and let D be an M- 
divisor on M such that Supp(D + X) is simple normal crossing and that D 
and X have no common irreducible components. We put B = D\x- Then 
{X, B) is a global embedded simple normal crossing pair. Let C be a smooth 
stratum of {X, B^^). Let a : N M be the blow-up along C . We denote by 
Y the reduced structure of the total transform of X in N. we put Ky + By = 
f*{Kx + B), where f = a\y. Then we have the following properties. 

(i) {Y, By) is an embedded simple normal crossing pair. 

(ii) f^Oy ~ Ox and R'f^Oy = for any i > 0. 

(iii) The strata of{X,B^^) are exactly the images of the strata of{Y,BY^). 

(iv) (T^^(C) is a maximal {with respect to the inclusion) stratum of{Y, By^). 

(v) There exists an M.- divisor E on N such that Supp(i? + y) is simple nor- 
mal crossing and that E and Y have no common irreducible components 
such that By = E\y. 

(vi) If B is a boundary M.-divisor, then so is By. 

In general, normal crossing varieties are much more difficult than simple 
normal crossing varieties. We postpone the definition of normal crossing 
pairs in Section 12.71 to avoid unnecessary confusion. Let us recall the notion 
of semi-ample M-divisors since we often use it in this book. 

2.20 (Semi-ample R-divisor). Let D be an M-Cartier M-divisor on a variety X 
and TT : X —>■ S a. proper morphism. Then, D is vr-semi-ample if D ~ir f*H, 
where f : X Y is a proper morphism over S and H a relatively ample 
M-Cartier M-divisor on Y. It is not difficult to see that D is vr-semi-ample 
if and only if D ~k "^^aiDi, where is a positive real number and Di is a 
TT-semi- ample Cartier divisor on X for any i. 
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In the following sections, we have to treat algebraic varieties with quotient 
singularities. All the l^-manifolds in this book are obtained as cyclic covers 
of smooth varieties whose ramification loci are contained in simple normal 
crossing divisors. So, they also have toroidal structures. We collect basic 
definitions according to [Stl Section 1], which is the best reference for our 
purposes. 

2.21 (l/-manifold) . A V-manifoldof dimension is a complex analytic space 
that admits an open covering {Ui} such that each Ui is analytically isomor- 
phic to Vi/Gi, where Vi C is an open ball and Gi is a finite subgroup of 
GL(A^, C). In this paper, Gi is always a cychc group for any i. Let X be a 
l^-manifold and S its singular locus. Then we define Q*x — i*^x-S' where 
j : X — S — i> X is the natural open immersion. A divisor D on X is called a 
divisor with V -normal crossings if locally on X we have (X, D) ~ (V, E)/G 
with V C an open domain, G C GL(X, C) a small subgroup acting on 
V, and E G V a G-invariant divisor with only normal crossing singularities. 
We define Q*x{\ogD) = j^:Q'j^_j.{logD). Furthermore, if D is Cartier, then 
we put n*x(}ogD){-D) = Q'xilogD) (g) Ox{-D). This complex will play 
crucial roles in Sections 12.31 and 12.41 

2.3 Fundamental injectivity theorems 

The following proposition is a reformulation of the well-known result by 
Esnault-Viehweg (cf. [EV[ 3.2. Theorem, c), 5.1. b)]). Their proof in |EVj 
depends on the characteristic p methods obtained by Deligne and Illusie. 
Here, we give another proof for the later usage. Note that all we want to do 
in this section is to generalize the following result for simple normal crossing 
pairs. 

Proposition 2.22 (Fundamental injectivity theorem I). Let X he a proper 
smooth variety and S + B a boundary M.-divisor on X such that the support 
of S + B is simple normal crossing, S is reduced, and \_B_i = 0. Let L be a 
Cartier divisor on X and let D be an effective Cartier divisor whose support 
is contained in SuppS. Assume that L Kx + S + B. Then the natural 
homomorphisms 

H\X, Ox{L)) -> /f«(X, Ox{L + D)), 
which are induced by the inclusion Ox C>x{D), are infective for all q. 
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Proof. We can assume that _B is a Q-divisor and L ~q Kx + S+B by Lemma 
I2.12[ We put £ = Ox{L—Kx—S). Let v be the smallest positive integer such 
that vL ~ ^{Kx + S + B). In particular, vB is an integral Weil divisor. We 
take the z/-fold cyclic cover n' = Specj^^^^r^l — >• X associated to the 
section vB G \C-^\. More precisely, let s G H^{X, be a section whose zero 
divisor is vB. Then the dual of s : Ox — > £^ defines a (9x-algebra structure 
on ^IZl C~^. For the details, see, for example, |EVl 3.5. Cyclic covers]. Let 
y — > y be the normalization and vr : F — > X the composition morphism. 
Then Y has only quotient singularities because the support of vB is simple 
normal crossing (cf. [EVt 3.24. Lemma]). We put T = vr*^. The usual 
differential d : Oy —>■ ^M^^S^) gives the differential d : (9y(— T) —>■ 

(log T)(—T). This induces a natural connection 7i^:{d) : 7r,,(9y(— T) 
TT* (ily (log T)(—T)). It is easy to see that 7i^,{d) decomposes into z/ eigen 
components. One of them is V : £-^{-3) n\{\og{S + B)) ® C'^i-S) 
(cf. \EV\ 3.2. Theorem, c)]). It is well known and easy to check that the 
inclusion n'^{\og{S + B)) ® C-\-S ~ D) ^ ^x{^og{S + B)) ® C-\-S) 
is a quasi-isomorphism (cf. [EVi 2.9. Properties]). On the other hand, the 
following spectral sequence 

El'^ = H\X, fi^(log(5 + B)) ® C-\-S)) 
=^ ff+«(X, n\{\og{S + B)) ® c-\-s)) 

degenerates in Ei. This follows from the i?i-degeneration of 

H'^{Y,nl.{\ogT){-T))^W+\Y,n'y{\ogT){-T)) 

where the right hand side is isomorphic to Hj!^'^{Y — T, C). We will discuss 
this i?i-degeneration in Section 12.41 For the details, see 12.311 in Section 12.41 
below. We note that f23(:(log(S' + B)) C^^{—S) is a direct summand of 
TT^, (fiy (log T)(—T)). We consider the following commutative diagram for any 

M«(X,n^(log(^ + 5)) ®£-i(-^)) H'^{X,C-^{-S)) 



m''{x,n*x{\og{s + B)) ® c-\-s - D)) > h'^{xx'\-s - d)) 

Since 7 is an isomorphism by the above quasi-isomorphism and a is surjective 
by the i?i-degeneration, we obtain that [3 is surjective. By the Serre duality. 
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we obtain H'^{X, Ox{Kx)^C{S)) H''{X, Ox{Kx)®C{S+D)) is injective 
for any q. This means that i/«(X, Ox{L)) H%X, Ox{L + D)) is injective 
for any q. □ 

The next result is a key result of this chapter. 

Proposition 2.23 (Fundamental injectivity theorem II). Let (X, S + B) be 

a simple normal crossing pair such that X is proper, S + B is a boundary 
M-divisor, S is reduced, and \_B_i = 0. Let L be a Cartier divisor on X and 
let D be an effective Cartier divisor whose support is contained in SuppS. 
Assume that L ~]r Kx + S + B. Then the natural homomorphisms 

H\X, Ox{L)) ^ H\X, Ox{L + D)), 

which are induced by the inclusion Ox — ^ Ox{L)), are injective for all q. 

Proof. We can assume that i? is a Q-divisor and L ~(q Kx + S + B hj 
Lemma r2.12[ Without loss of generality, we can assume that X is connected. 
Let e : X* X be the Mayer- Vietoris simplicial resolution of X. Let 
v be the smallest positive integer such that uL ~ vi^Kx + S + B). We 
put C = Ox{L — Kx — S). We take the z/-fold cyclic cover n' : Y' ^ X 
associated to uB G {C^l as in the proof of Proposition 12.221 Let Y Y' he 
the normalization of Y'. We can glue Y naturally along the inverse image 
of ei{X^) C X and then obtain a connected reducible variety Y and a finite 
morphism tt : Y ^ X. For a supplementary argument, see Remark 12.241 
below. We can construct the Mayer- Vietoris simplicial resolution e : Y* —>■ Y 
and a natural morphism vr, : — > X*. Note that Definition 12.91 makes sense 
without any modifications though Y has singularities. The finite morphism 
7Cq : Y^ —>■ X^ is essentially the same as the finite cover constructed in 
Proposition I2.22[ Note that the inverse image of an irreducible component 
Xi of X by TTo may be a disjoint union of copies of the finite cover constructed 
in the proof of Proposition 12.221 More precisely, let V be any stratum of 
X. Then 7c^^{V) is not necessarily connected and vr : TT^^iV) V may 
be a disjoint union of copies of the finite cover constructed in the proof of 
the Proposition EM Since Hi{X', {£^\-S - D))*) ~ H'^{X,C-\-S - 
D)) and H'i{X\ {C-^{-S)y) ~ H'i{X, C~^{-S)), it is sufficient to see that 
H%X', {C-\-S-D)y) H'i{X\ {C-^{-S)Y) is surjective. First, we note 
that the natural inclusion 

n\r.{\og{S'' + 5")) ® {c-\-s - D)Y' ^ r];,„(iog(5" + 5")) ® {c-\-s)Y 
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is a quasi- isomorphism for any n > (cf. |EVl 2.9. Properties]). So, 

n\.{\ogiS' + B')) (g) ic-\-s - D))' ^ n'^.{\ogiS' + b')) ® {c-\-sy) 

is a quasi-isomorphism. We put T = n*S. Then f2^„(log(S'" + 5")) (g) 
S"))"" is a direct summand of 7r„^i7y(logT"')(— T") for any n > 0. 
Next, we can check that 

= H'i{Y\nPy.{\ogT'){-T'))^MP+^{Y,sin'y.{\ogT'){-T'))) 

degenerates in Ei. We will discuss this i?i-degeneration in Section [2^ See 
12.321 in Section [231 The right hand side is isomorphic to H^'^'^iY — T, C). 
Therefore, 

E^^'^ = H'^{X\ nP^.{\og{S' + B')) ® {c-\-s)Y) 
=^ W+\X, s{n\.{\og{S* + B*)) ® {c-\-s)y)) 

degenerates in Ei. Thus, we have the following commutative diagram. 

W{X, s{n\.{\og{S' + B')) ® {C~\-S)r)) H^{X\ {C~\-S)Y) 

p 

W{X,s{Sl\.i\og{S' + B-)) ® {C-\-S - D))')) > H'i{X\{C-\-S - D))') 

As in the proof of Proposition I2.22( 7 is an isomorphism and a is surjective. 
Thus, (3 is surjective. This implies the desired injectivity results. □ 

Remark 2.24. For simplicity, we assume that X = Xi U X2, where Xi 
and X2 are smooth, and that V = XiCi X2 is irreducible. We consider the 
natural projection p : Y ^ X. We note that Y = Yi Y[Y^2, where Yi is the 
inverse image of Xi by p for i = 1 and 2. We put pi = p|y_ for i = 1 and 
2. It is easy to see that Pi^iV) is isomorphic to P2^(y) over V. We denote 
it by W. We consider the following surjective Ox-niodule homomorphism 
fx : © P*Oy^ p*Ow ■ if, 9) ^ f\w - 9\w- Let A be the kernel of /i. 

Then A is an O^-algebra and vr : y ^ X is nothing but Specj^^ X. We 
can check that 7r^^(Xj) ~ Fj for z = 1 and 2 and that tt^^{V) ^ W. 

Remark 2.25. As pointed out in the introduction, the proof of [Amll The- 
orem 3.1] only implies that the homomorphisms 

Hi{X, Ox{L - S)) ^ H^iX, Ox{L-S + D)) 
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are injective for all q. When = 0, we do not need the mixed Hodge structure 
on the cohomology with compact support. The mixed Hodge structure on 
the usual singular cohomology is sufficient for the case when 5 = 0. 

We close this section with an easy application of Proposition 12.231 The 
following vanishing theorem is the Kodaira vanishing theorem for simple 
normal crossing varieties. 

Corollary 2.26. Let X be a projective simple normal crossing variety and 
L an ample line bundle on X . Then H'^{X, Ox{Kx) ® C) = Q for any g > 0. 

Proof. We take a general member S G for some / ^ 0. Then we can find 
a Cartier divisor M such that M ~q i^x + \B and Ox{,Kx) ®Cc^Ox{M). 
By Proposition [223 we obtain injections Ox{M)) H'i{X, Ox{M + 

mB)) for any q and any positive integer m. Since B is ample, Serre's van- 
ishing theorem implies the desired vanishing theorem. □ 

2.4 ^i-degenerations of Hodge to de Rham 
type spectral sequences 

From 12.271 to 12.291 we recall some well-known results on mixed Hodge struc- 
tures. We use the notations in |D2] freely. The basic references on this topic 
are |D2l Section 8], [Ell Part II], and |E2l Chapitres 2 and 3]. The recent 
book [PS] may be useful. The starting point is the pure Hodge structures on 
proper smooth algebraic varieties. 

2.27. (Hodge structures for proper smooth varieties). Let X be a proper 
smooth algebraic variety over C. Then the triple {'Lxi{^'xiF),q), where 
VL\ is the holomorphic de Rham complex with the filtration bete F and 
a : Cx — > ^'x is the inclusion, is a cohomological Hodge complex (CHC, for 
short) of weight zero. 

The next one is also a fundamental example. For the details, see |E1[ I.I.] 
or [EH 3.5]. 

2.28. (Mixed Hodge structures for proper simple normal crossing varieties). 
Let D be a proper simple normal crossing algebraic variety over C. Let 
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e : D' ^ D he the Mayer- Vietoris simplicial resolution (cf. Definition 12.91) . 
The following complex of sheaves, denoted by Qd*, 

£:o*Qdo £i*Qdi ^ ^kMok ^ • ■ ■ , 

is a resolution of Q^. More explicitly, the differential dk ■ £k*QD'' 

f^_^_i for any A; > 0. For the details, see |E1[ 
or [E2. 3.5.3]. We obtain the resolution fi^. of as follows, 

£0*^1)0 — > Si^Q'^i — y ■ ■ ■ — y Ek^^'jjk 

Of course, 4 : Ek^^'^k Sk+u^'ck+i is Z]i=d(-l)^'^i,fc+i- Let be the 

simple complex associated to the double complex The Hodge filtration 

F on is defined by = s(0 ^ ^ 6,%. ^ e.l^^t^ ^ ■ ■ ■ )• 

We note that e^^fj^. = (0 ^ £o*^% ^ ■ ■ ■ — > 5^*^^^ 

•■■). There exist natural weight filtrations W^s on Q^i. and We 
omit the definition of the weight filtrations W^s on Q^i. and s{Q'jj,) since 
we do not need their exphcit descriptions. See [Ell or |E2l 3.5.6]. 

Then {Zd, {Qd', W^), {s{^d'), F)) is a cohomological mixed Hodge com- 
plex (CMHC, for short). This CMHC induces a natural mixed Hodge struc- 
ture on H'{D,Z). 

For the precise definitions of CHC and CMHC (CHMC, in French), see 
|D2l Section 8] or [E2t Chapitre 3]. The third example is not so standard 
but is indispensable for our injectivity theorems. 

2.29. (Mixed Hodge structure on the cohomology with compact support). 
Let X be a proper smooth algebraic variety over C and D a simple normal 
crossing divisor on X. We consider the mixed cone of Qx ~^ Qd* with 
suitable shifts of complexes and weight filtrations (for the details, see |E1[ 
1.3. ] or |E2t 3.7.14]). We obtain a complex Qx-d*, which is quasi-isomorphic 
to j\Qx-D, where j : X—D —y X is the natural open immersion, and a weight 
filtration W on Qx-d* • We define in the same way, that is, by taking a cone 
of a morphism of complexes — > , a complex with filtrations W 

and F. Then we obtain that the triple (jiZx-n, iQx-D',W), {n'x_o.,W, F)) 
is a CMHC. It defines a natural mixed Hodge structure on H*{X — Z),Z). 
Since we can check that the complex 

^ n'xilog D){-D) ^ ^ eo,n'j,o 
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is exact by direct local calculations, we see that {^x-D'^ ^) quasi-isomorphic 
to {Q'xilog D){-D),F) in D+F(X,C), where 

F^'Q^(log 

= (0 ^ . • . ^ ^ n'^i\ogD){-D) n'^^\\og D){-D) ^ • • •). 
Therefore, the spectral sequence 

Ef' = H\X,n^^{logD){-D)) W+^{X,n-^{\ogD){-D)) 
degenerates in Ei and the right hand side is isomorphic to — D,C). 

Prom here, we treat mixed Hodge structures on much more complicated 
algebraic varieties. 

2.30. (Mixed Hodge structures for proper simple normal crossing pairs). Let 
{X, D) be a proper simple normal crossing pair over C such that D is reduced. 
Let e : X* — X be the Mayer- Vietoris simplicial resolution of X. As we saw 
in the previous step, we have a CHMC 

W,F)) 

on X", where j„ : X" — X" is the natural open immersion, and that 

(Q^„_p„),, F) is quasi-isomorphic to (Q^„(logL)")(-D"), F) in D+F{X'', C) 
for any n > 0. Therefore, by using the Mayer- Vietoris simplicial resolution 
e : X* ^ X,we can construct a CMHC {j\Zx-D, {Kq,W), {Kc,W,F)) on 
X that induces a natural mixed Hodge structure on H*{X — D,Z). We 
can see that {Kc,F) is quasi-isomorphic to (s(n^.(log £>•)(—£>•)), F) in 
D+F{X, C), where 

FP^s{0^ ^ ^ (log D*) (-£)•) 

^e,QP^,\logD'){-D')^---). 

We note that O^. (log £>•)(—£)•) is the double complex 

^ £0*^^x0 (log F>°)(-F>°) ^ £1,0^1 (log Di)(-Di) ^ • • • 

^£fe,Q^.(logL'^)(-L'*^)^-- - . 

Therefore, the spectral sequence 

Ff = i7''(X-,fi^.(log /}•)(-/}•)) =^ IF+'^{X,sin'x.i\ogD'){-D-))) 
degenerates in Ei and the right hand side is isomorphic to H^'^'^^X — D,C). 
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Let us go to the proof of the i?i-degeneration that we aheady used in the 
proof of Proposition 12.221 

2.31 degeneration for Proposition 12.22!) . Here, we use the notation in 
the proof of Proposition 12.221 In this case, Y has only quotient singular- 
ities. Then (Zy, F), a) is a CHC, where F is the filtration bete and 
a : Cy fly is the inclusion. For the details, see [Stl (1-6)]. It is easy 
to see that T is a divisor with l^-normal crossings on Y (see 12.211 or [St] 
(1.16) Definition]). We can easily check that Y is singular only over the 
singular locus of Supp-B. Let e : T' ^ T he the Mayer- Vietoris simplicial 
resolution. Though T has singularities. Definition 12.91 makes sense without 
any modifications. We note that T" has only quotient singularities for any 
n > by the construction of vr : F — X. We can also check that the same 
construction in 12.281 works with minor modifications and we have a CMHC 
(Zr, (Qr*, W), (s(fi^.), W, F)) that induces a natural mixed Hodge structure 
on H'iT^lj). By the same arguments as in I2.29[ we can construct a triple 
(jiZy.T, (Qy-T«, W^), (^c, F)), where j : F - T ^ F is the natural open 
immersion. It is a CHMC that induces a natural mixed Hodge structure 
on H*{Y — T, Z) and (KcF) is quasi-isomorphic to (ny(logT)(— T), F) in 
D+F{YX): where 

™^(logT)(-T) 

= (0 ^ . . . ^ ^ QU\ogT){-T) ^ n^y+\\ogT){-T) -.•■■)• 

Therefore, the spectral sequence 

Ff = H'^{Y,nPy{\ogT){-T)) =^ W+'i(Y,n'y{\ogT){-T)) 

degenerates in Fi and the right hand side is isomorphic to H^'^'^{Y — T, C). 

The final one is the Fi-degeneration that we used in the proof of Propo- 
sition I2.23[ It may be one of the main contributions of this chapter. 

2.32 (Fi-degeneration for Proposition I2.23p . We use the notation in the 
proof of Proposition 12.231 Let e : Y* Y he the Mayer-Vietoris simplicial 
resolution. By the previous step, we can obtain a CHMC 

(j„!Zyn„r", (Qyn_(Tn)., IV), (i^C, W, F)) 
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for each n > 0. Of course, j„ '■ — T" ^ is the natural open immersion 
for any n > 0. Therefore, we can construct a CMHC 

{j,ZY-T,{KQ,W),{Kc,W,F)) 

on Y. It induces a natural mixed Hodge structure on H'{Y — T, Z). We note 
that {Kc,F) is quasi-isomorphic to (s(fi^.(logT')(-T')), F) in D+F{Y,C), 
where 

FP = s(0 -> . ^ £,fi?..(logr*)(-T') 

^£.fi?.t^(logn(-T-)^---). 
See 12.301 above. Thus, the desired spectral sequence 

Ff = iJ''(r',ri^.(logT*)(-T*)) ^ W+'^iY, sin'y.{\ogT'){-T'))) 

degenerates in Ei. It is what we need in the proof of Proposition 12.231 Note 
that HP+'?(F,s(fi^.(logT')(-T*))) ~ - T, C). 

2.5 Vanishing and injectivity theorems 

The main purpose of this section is to prove Ambro's theorems (cf. |Amll 
Theorems 3.1 and 3.2]) for embedded simple normal crossing pairs. The next 
lemma (cf. |F4t Proposition 1.11]) is missing in the proof of [AmU Theorem 
3.1]. It justifies the first three lines in the proof of [Amll Theorem 3.1]. 

Lemma 2.33 (Relative vanishing lemma). Let f : Y ^ X be a proper 
morphism from a simple normal crossing pair (Y, T + D) such that T + D is 
a boundary M.-divisor, T is reduced, and = 0. We assume that f is an 
isomorphism at the generic point of any stratum of the pair {Y,T + D) . Let L 
be a C artier divisor on Y such that L ~]r Ky + T + D . Then R'^f^OY{L) = 
for q > 0. 

Proof. By Lemma 12.121 we can assume that D is a Q-divisor and L ~q 
Ky + T + D. We divide the proof into two steps. 

Step 1. We assume that Y is irreducible. In this case, L — {Ky + T + D) 
is nef and log big over X with respect to the pair (Y, T + D) (see Definition 
I2.46p . Therefore, R^f^OyiL) = for any g > by the vanishing theorem 
(see, for example. Lemma [4. 101) . 
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Step 2. Let Yi be an irreducible component of Y and Y2 the union of the 
other irreducible components of Y. Then we have a short exact sequence 
On ( -1^2 In) ^ Oy ^ 0, where i : Yi ^ Y is the natural 

closed immersion (cf. [Amlt Remark 2.6]). We put L' = L|y^ — 1^2|yi- Then 
we have a short exact sequence i^.OY^{L') Oy{L) Oyjl-^l^i) 
and L' ~q Ky^ +T\y^+ D\y^. On the other hand, we can check that L\y2 ~(Q 
Ky2 + YiWi + T\y2 + D\y2- We have already known that mf^OY^iL') = 
for any g > by Step [1] By the induction on the number of the irreducible 
components of Y, we have R'^ f^OY2{L\Y2) = for any g > 0. Therefore, 
W f\OY{L) = for any g > by the exact sequence: 

. R^f^OY.iL') R'f^OYiL) ^ R''f,OY2{L\Y2) ^ ■ • ■ ■ 

So, we finish the proof of Lemma [2.331 □ 

The following lemma is a variant of Szabo's resolution lemma (see the 
resolution lemma in 11.81) . 

Lemma 2.34. Let {X, B) he an embedded simple normal crossing pair and D 
a permissible Cartier divisor on X . Let M he an ambient space of X . Assume 
that there exists anM-divisor A on M such that Supp(y4+X) is simple normal 
crossing on M and that B = A\x- Then there exists a projective birational 
morphism g : N —>■ M from a smooth variety N with the following properties. 
Let Y be the strict transform of X on N and f = g\Y '■ Y ^ X . Then we 
have 

(i) g~^{D) is a divisor on N. Exc{g)Ug~^{A+X) is simple normal crossing 
on N, where Exc{g) is the exceptional locus of g. In particular, Y is a 
simple normal crossing divisor on N. 

(ii) g and f are isomorphisms outside D, in particular, f^^OY — Ox- 

(iii) f*{D-\-B) has a simple normal crossing support on Y. More precisely, 
there exists an M.- divisor A' on N such that Supp(74' + y) is simple nor- 
mal crossing on N, A' and Y have no common irreducible components, 
and that A'\y = f*{D + B). 

Proof. First, we take a blow-up Mi — > M along D. Apply Hironaka's desin- 
gularization theorem to Mi and obtain a projective birational morphism 
M2 — > Ml from a smooth variety M2. Let F be the reduced divisor that 
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coincides with the support of the inverse image of D on M2. Apply Szabo's 
resolution lemma to Supp(j*(A + X) U F on M2 (see, for example, 11.81 or 
|F7t 3.5. Resolution lemma]), where a : M2 M. Then, we obtain desired 
projective birational morphisms g : N ^ M from a smooth variety N , and 
f = g\Y '-Y where Y is the strict transform of X on N , such that Y is 

a simple normal crossing divisor on A^, g and / are isomorphisms outside D, 
and f*{D + B) has a simple normal crossing support on Y . Since / is an iso- 
morphism outside D and D is permissible on X, / is an isomorphism at the 
generic point of any stratum of Y . Therefore, every fiber of / is connected 
and then f^Oy ^Ox- □ 

Remark 2.35. In Lemma 12.341 we can directly check that f^OyiKy) — 
Ox{Kx). By Lemma 5.1, Wf^Oy{Ky) = for g > 0. Therefore, we obtain 
f^Oy ~ Ox and R^f^Oy = for any g > by the Grothendieck duality. 

Here, we treat the compactification problem. It is because we can use the 
same technique as in the proof of Lemma 12.341 This lemma plays important 
roles in this section. 



Lemma 2.36. Let f : Z ^ X be a proper morphism from an embedded 
simple normal crossing pair {Z,B). Let M be the ambient space of Z . As- 
sume that there is an M.- divisor A on M such that Supp(A + Z) is simple 
normal crossing on M and that B = A\z. Let X be a projective variety 
such that X contains X as a Zariski open set. Then there exist a proper 
embedded simple normal crossing pair {Z, B) that is a compactification of 
{Z,B) and a proper morphism f : Z ^ X that compactifies f : Z ^ X. 
Moreover, Suppi? U Supp(Z \ Z) is a simple normal crossing divisor on Z , 
and Z\Z has no common irreducible components with B. We note that B 
is M.-Cartier. Let M, which is a compactification of M, be the ambient space 
of {Z, B). Then, by the construction, we can find an W-divisor A on M such 
that Supp(y4 + Z) is simple normal crossing on M and that B = A\-^. 

Proof. Let Z,A(ZMhe any compactification. By blowing up M inside 
Z\Z, we can assume that f : Z —y X extends to / : Z — > X. By Hironaka's 
desingularization and the resolution lemma, we can assume that M is smooth 
and Supp(Z + A) U Supp(M \ M) is a simple normal crossing divisor on 
M. It is not difficult to see that the above compactification has the desired 
properties. □ 



45 



Remark 2.37. There exists a big trouble to compactify normal crossing 
varieties. When we treat normal crossing varieties, we can not directly com- 
pactify them. For the details, see [F7t 3.6. Whitney umbrella], especially. 
Corollary 3.6.10 and Remark 3.6.11 in |F7] . Therefore, the first two lines in 
the proof of |Amlt Theorem 3.2] is nonsense. 

It is the time to state the main injectivity theorem (cf. [Amlj Theorem 
3.1]) for embedded simple normal crossing pairs. For applications, this for- 
mulation seems to be sufficient. We note that we will recover jAmlt Theorem 
3.1] in full generality in Section [221 (see Theorem 12. 53p . 

Theorem 2.38 (cf. [Xmll Theorem 3.1]). Let {X,S + B) be an embedded 
simple normal crossing pair such that X is proper, S + B is a boundary M- 
divisor, S is reduced, and l-Bj = 0. Let L be a Cartier divisor on X and 
D an effective Cartier divisor that is permissible with respect to {X, S + B). 
Assume the following conditions. 

(i) Lr^uKx + S + B + H, 

(ii) H is a s emi- ample artier M.- divisor, and 

(iii) tH ~]8 D + D' for some positive real number t, where D' is an effective 
M- Cartier M-divisor that is permissible with respect to (X, S + B). 

Then the homomorphisms 

H\X, Ox{L)) ^ H\X, Ox{L + D)), 

which are induced by the natural inclusion Ox —>■ Ox{L)), are injective for 
all q. 

Proof. First, we use Lemma I2.18[ Thus, we can assume that there exists a 
divisor A on M, where M is the ambient space of X, such that Supp(A + X) 
is simple normal crossing on M and that A\x = S. Apply Lemma [2.341 to an 
embedded simple normal crossing pair (X, S) and a divisor Supp{D + D' + B) 
on X. Then we obtain a projective birational morphism f -.Y ^ X from an 
embedded simple normal crossing variety Y such that / is an isomorphism 
outside Supp(D + D' + B), and that the union of the support of f*{S + B + 
D + D') and the exceptional locus of / has a simple normal crossing support 
on Y. Let B' be the strict transform of B on Y. We can assume that Suppi?' 
is disjoint from any strata of Y that are not irreducible components of Y by 
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taking blow-ups. We write Ky + S' + B' = f*{Kx + S + B) + E, where 
S' is the strict transform of S, and E is /-exceptional. By the construction 
of / : y — ^ X, 5" is Cartier and B' is M-Cartier. Therefore, E is also M- 
Cartier. It is easy to see that E+ = ^E^ > 0. We put L' = f*L + E+ 
and E- = Ej^ — E > 0. We note that E+ is Cartier and E^ is M-Cartier 
because Suppi? is simple normal crossing on Y. Since f*H is an M>o-linear 
combination of semi-ample Cartier divisors, we can write f*H ~ir Yli^^iHi, 
where < < 1 and Hi is a general Cartier divisor on Y for any i. We put 
B" = B' + E_ + \f\D + D') + {l-e) Ei ^nHi for some < e < 1. Then 
L' ~K Ky + S' + B". By the construction, = 0, the support of S' + B" is 

simple normal crossing on Y , and Supp-B" D Supp/*/). So, Proposition 12.231 
implies that the homomorphisms H'i{Y, Oy{L')) H^iY, OyiL' + fW)) are 
injective for all q. By Lemma |2.33[ R^f^.OylL') = for any g > and it 
is easy to see that f^OY{L') ~ Ox{L). By the Leray spectral sequence, the 
homomorphisms H^[X,Ox{L)) H'^[X,Ox{L + D)) are injective for all 
q. □ 

The following theorem is another main theorem of this section. It is 
essentially the same as |Amlt Theorem 3.2]. We note that we assume that 
{Y, S + B) is a simple normal crossing pair. It is a small but technically 
important difference. For the full statement, see Theorem 12.541 below. 

Theorem 2.39 (cf. jXmTl Theorem 3.2]). Let {Y, S + B) be an embedded 
simple normal crossing pair such that S + B is a boundary W-divisor, S is 
reduced, and lI^j = 0. Let f : Y ^ X be a proper morphism and L a Cartier 
divisor on Y such that H ~]r L — {Ky + S + B) is f -semi-ample. 

(i) every non-zero local section of R'^f^Oy{L) contains in its support the 
f -image of some strata of (F, S + B). 

(ii) let : X V be a projective morphism and assume that H ~r f*H' 
for some it -ample M.-Cartier W-divisor H' on X . Then R'^f^,Oy{L) is 
TT^-acyclic, that is, RFt^^.R'^ f^Oy{L) = for any p > 0. 

Proof. Let M be the ambient space of Y. Then, by Lemma 12.181 we can 
assume that there exists an M-divisor D on M such that Supp(D + Y) is 
simple normal crossing on M and that D\y = S -\- B. Therefore, we can use 
Lemma [2.361 in Step [2] of (i) and Step [3] of (ii) below. 

(i) We have already proved a very spacial case in Lemma I2.33[ The 
argument in Step 1 is not new and it is well known. 
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Step 1. First, we assume that X is projective. We can assume that H is 
semi-ample by replacing L (resp. H) with L + f*A' (resp. H + f*A'), where A' 
is a very ample Cartier divisor. Assume that Wf^OyiL) has a local section 
whose support does not contain the image of any [Y, S + i?)-stratum. Then 
we can find a very ample Cartier divisor A with the following properties. 

(a) f*A is permissible with respect to (Y, S + B), and 

(b) mf^OviL) Rif^OviL) O Ox{A) is not injective. 

We can assume that H — f*A is semi-ample by replacing L (resp. H) with 
L + f*A (resp. H + f*A). If necessary, we replace L (resp. H) with L + f*A" 
(resp. H + f*A"), where A" is a very ample Cartier divisor. Then, we have 
H^X^Rif^Oy^L)) ~ H^{Y,Oy{L)) and H^^^X.^f^OY^^^OxiA)) ~ 
H'i{Y, Oy{L + /M)). We obtain that 

H\X,WUOy{L)) ^ H\X,Wf,OY{L) ® Ox{A)) 

is not injective by (b) if A" is sufficiently ample. So, H'^{Y,Oy{L)) 
Hi(Y, Oy{L + f*A)) is not injective. It contradicts TheoremESH We finish 
the proof when X is projective. 

Step 2. Next, we assume that X is not projective. Note that the problem 
is local. So, we can shrink X and assume that X is affine. By the argument 
similar to the one in Step 1 in the proof of (ii) below, we can assume that H is 
a semi-ample Q-Cartier Q-divisor. We compactify X and apply Lemma [2. 361 
Then we obtain a compactification f -.Y ^ X oi f -.Y ^ X. Let H be the 
closure of H on Y . If H is not a semi-ample Q-Cartier Q-divisor, then we take 
blowing-ups of Y inside Y \ Y and obtain a semi-ample Q-Cartier Q-divisor 
H onY such that H\y = H. Let L (resp. B, S) be the closure of L (resp. 5, 
5") on Y . We note that H ~r L — {Ky + S + B) does not necessarily hold. 
We can write H + J2i O'iifi) = L — {Ky + S + B), where ai is a real number 
and fi e r(y, /C^) fo_r_any i. We put E = H+J2i - (L- (Ky + S + B)). 
We replace L (resp. B) with L + '~£'"^ (resp. B + {—E}). Then we obtain the 
desired property of W f^OyiL) since X is projective. We note that Suppi? 
is in y \ Y . So, we finish the whole proof. 

(ii) We divide the proof into three steps. 

Step 1. We assume that diml^ = 0. The following arguments are well 
known and standard. We describe them for the reader's convenience. In 
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this case, we can write H' ~]k H[ + H2, where H[ (resp. H^) is a vr-ample 
Q-Cartier Q-divisor (resp. vr-ample M-Cartier M-divisor) on X. So, we can 
write H2 ~iR J2i (^iHi, where < < 1 and Hi is a general very ample 
Cartier divisor on X for any i. Replacing B (resp. H') with B + ^^aif*Hi 
(resp. H[), we can assume that H' is a vr-ample Q-Cartier Q-divisor. We take 
a general member A G \mH'\, where m is a sufficiently large and divisible 
integer, such that A' = f*A and R^f^OyiL + A') is vr^,-acyclic for all q. By 
(i), we have the following short exact sequences, 

^ WUOy{L) ^ WUOy{L + A') ^ Wf,OA'{L + A') ^ 0. 

for any q. Note that f^.OA'{L + A') is vr*-acyclic by induction on dimX and 
W f^:OY{L + A') is also vr=K-acyclic by the above assumption. Thus, i^f' = 
for p > 2 in the following commutative diagram of spectral sequences. 

El" = RPn^Wf^OYiL) :- i?P+g(vr o /),Oy(L) 



= BF'K,mf,OY{L + A') =^ RP+'^in o /),Oy(L + A') 

Since y?^^'' is injective by Theorem l2.38[ E]" R^^^{'Kof)^OY{L) is injective 
by the fact that E^"^ = for p > 2, and e\'^ = by the above assumption, 
we have E^'^ = 0. This implies that R^tc^^R^ f^OY{L) = for any p > 0. 

Step 2. We assume that V is projective. By replacing H' (resp. L) with 
H' + vr*^ (resp. L + (vr o f)*G), where G is a very ample Cartier divisor 
on V, we can assume that H' is an ample M-Cartier M-divisor. By the 
same argument as in Step 1, we can assume that H' is ample Q-Cartier Q- 
divisor and H ~q f*H' . If G is a sufficiently ample Cartier divisor on V , 
H^{V, RPTt,Rif,OY{L)(^G) = for any k > 1, H^{V, R^tt^R'^ f,OY{L)(^G) ~ 
HP{X, Rif^OY{L)®Tx*G), and RPTi^Rif,OY{L)0G is generated by its global 
sections. Since H + /*vr*G ~m L + /*vr*G - {Ky + S + B), H + /*vr*G ~q 
f*{H' + 71* G), and H' + Tr*G is ample, we can apply Step 1 and obtain 
HP{X,Rif,OY{L + f*7i*G)) = for any p > 0. Thus, RPtt^R'^ f,OY{L) = 
for any p > by the above arguments. 

Step 3. When V is not projective, we shrink V and assume that V is affine. 
By the same argument as in Step 1 above, we can assume that H' is Q-Cartier. 
We compactify V and X, and can assume that V and X are projective. By 
Lemma 12.361 we can reduce it to the case when V is projective. This step 
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is essentially the same as Step 2 in the proof of (i). So, we omit the details 
here. 

We finish the whole proof of (ii). □ 

Remark 2.40. In Theorem I2.38[ if X is smooth, then Proposition 12.221 is 
enough for the proof of Theorem I2.38[ In the proof of Theorem 12.391 if Y 
is smooth, then Theorem 12.381 for a smooth X is sufficient. Lemmas I2.33[ 
12.341 and 12.361 are easy and well known for smooth varieties. Therefore, the 
reader can find that our proof of Theorem 12.391 becomes much easier if we 
assume that Y is smooth. Ambro's original proof of |Amll Theorem 3.2 (ii)] 
used embedded simple normal crossing pairs even when Y is smooth (see (b) 
in the proof of |Amll Theorem 3.2 (ii)]). It may be a technically important 
difference. I could not follow Ambro's original argument in (a) in the proof 
of j Amll Theorem 3.2 (ii)]. 

Remark 2.41. It is easy to see that Theorem 12.381 is a generalization of 
Kollar's injectivity theorem. Theorem 12.391 (i) (resp. (ii)) is a generalization 
of Kollar's torsion-free (resp. vanishing) theorem. 

We treat an easy vanishing theorem for Ic pairs as an application of 
Theorem 12.391 (ii). It seems to be buried in |Aml] . We note that we do not 
need the notion of embedded simple normal crossing pairs to prove Theorem 
\2A2\ See Remark ElQl 

Theorem 2.42 (Kodaira vanishing theorem for Ic pairs). Let {X, B) he an Ic 

pair such that B is a boundary M.-divisor. Let L be a Q-Cartier Weil divisor 
on X such that L — {Kx + B) is ir-ample, where tt : X ^ V is a projective 
morphism. Then R^-n^OxiL) = for any q > 0. 

Proof. Let / : F ^ X be a log resolution of (X, B) such that Ky = f*{Kx + 
B) + OiEi with Oi > —1 for any i. We can assume that - Ei U Supp/*L 
is a simple normal crossing divisor on Y. We put E = OiEi and F = 
T.a,=-ii^-bj)Ej^ where bj = muhsJ/*L}. We note that A = L-{Kx + B) 
is TT-ample by the assumption. So, we have f*A = f*L — f*{Kx + B) = 
^f*L + E + F^-{Ky + F + {-{f*L + E + F)}). We can easily check that 
f,OY{^f*L + E + F^) ^ Ox{L) and that F+ {-(/*L + E + F)} has a simple 
normal crossing support and is a boundary R-divisor on Y. By Theorem 12.391 
(ii), we obtain that Ox{L) is 7r*-acyclic. Thus, we have R'^7i^:Ox{L) = for 
any g > 0. □ 
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We note that Theorem 12.421 contains a complete form of |Kv2l Theorem 
0.3] as a corollary. For the related topics, see |KSSl Corollary 1.3]. 

Corollary 2.43 (Kodaira vanishing theorem for Ic varieties). Let X be a 

projective Ic variety and L an ample C artier divisor on X . Then 

H\X,Ox{Kx + L)) = Q 

for any q > 0. Furthermore, if we assume that X is Cohen-Macaulay, then 
H'^iX, Oxi-L)) = for any q < dimX. 

Remark 2.44. We can see that Corollary 12.431 is contained in |F4l Theorem 
2.6], which is a very special case of Theorem 12.391 (ii). 1 forgot to state 
Corollary 12.431 explicitly in |F4j . There, we do not need embedded simple 
normal crossing pairs. We note that there are typos in the proof of [F41 
Theorem 2.6]. In the commutative diagram, i?*/*u;x(-D)'s should be replaced 
by Wf^uJxiDYs. 

We close this section with an easy example. 

Example 2.45. Let X be a projective Ic threefold which has the following 
properties: (i) there exists a projective birational morphism f : Y ^ X from 
a smooth projective threefold, and (ii) the exceptional locus E oi f is an 
Abelian surface with Ky = f*Kx — E. For example, X is a cone over a 
normally projective Abelian surface in and f : Y —>■ X is the blow-up 
at the vertex of X. Let L be an ample Cartier divisor on X. By the Leray 
spectral sequence, we have 

^ H\XJJ*Oxi-L)) ^ H\YJ*Ox{-L)) ^ H\X, R' fJ*Oxi~L)) 
^ H'iX, fJ*Oxi~L)) ^ H\Y, f*Ox{-L)) ^ ■ ■ ■ . 

Therefore, we obtain 

H\X, Ox{-L)) ~ H\X, Oxi-L) ® R'f.Oy), 

because H\YJ*Ox{-L)) = H^{Y, f*Ox{-L)) = by the Kawamata- 
Viehweg vanishing theorem. On the other hand, we have R^f^Oy — LL'^{E, Oe) 
for any g > since Wf^Oy^-E) = for every g > 0. Thus, H^{X, Ox{-L)) ~ 
C^. In particular, H'^{X,Ox{-L)) 7^ 0. We note that X is not Cohen- 
Macaulay. In the above example, if we assume that ii^ is a i^3-surface, then 
H'i{X,Ox{-L)) = for g < 3 and X is Cohen-Macaulay. For the details, 
see the subsection 14.3.11 especially. Lemma I4.37[ 
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2.6 Some further generalizations 



Here, we treat some generalizations of Theorem I2.39[ First, we introduce 
the notion of nef and log big (resp. nef and log abundant) divisors. See also 
Definition I3.37[ 

Definition 2.46. Let f : {Y, B) ^ X he a proper morphism from a simple 
normal crossing pair (Y, B) such that S is a subboundary. Let tt : X ^ V 
be a proper morphism and H an M-Cartier M-divisor on X. We say that H 
is nef and log big (resp. nef and log abundant) over V if and only if H\c is nef 
and big (resp. nef and abundant) over V for any C, where C is the image of 
a stratum of (Y, B). When (X, Bx) is an Ic pair, we choose a log resolution 
of (X, Bx) to be / : {Y, B) X, where Ky + B = f*{Kx + Bx). 

We can generalize Theorem 12.391 as follows. It is [Amll Theorem 7.4] for 
embedded simple normal crossing pairs. His idea of the proof is very clever. 

Theorem 2.47 (cf. jASTl Theorem 7.4]). Let f : {Y, S + B) ^ X be a 

proper morphism from an embedded simple normal crossing pair such that 
S + B is a boundary M.-divisor, S is reduced, and \-B_i = 0. Let L be a 
Cartier divisor on Y and 7C : X ^ V a proper morphism. Assume that 
f*H ~]R L — [Ky + S + B), where H is nef and log big over V. Then 

(i) every non-zero local section of R'^f^,Oy{L) contains in its support the 
f -image of some strata of (Y, S -\- B), and 

(ii) f^Oy{L) is TT^-acyclic. 

Proof. We note that we can assume that V is affine without loss of generality. 
By using Lemma 12.181 we can assume that there exists a divisor D on M, 
where M is the ambient space of Y, such that Supp(D + y) is simple normal 
crossing on M and that D\y = S -\- B. 

Step 1. We assume that each stratum of {Y, S -\- B) dominates some irre- 
ducible component of X. By taking the Stein factorization, we can assume 
that / has connected fibers. Then we can assume that X is irreducible and 
each stratum of {Y, S -\- B) dominates X. By Chow's lemma, there exists 
a projective birational morphism fi : X' ^ X such that tc' : X' V is 
projective. By taking blow-ups : Y' ^ Y that is an isomorphism over the 
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generic point of any stratum of {Y, S+B), we have the following commutative 
diagram. 



Y' 



X' 



Y 



X 



Then, we can write 



Ky' + S' + B' = ^*{Ky + S + B) + E, 



where 



(1) (Y', S' + B') is a global embedded simple normal crossing pair such 
that S' + -B' is a boundary M-divisor, S' is reduced, and lI^'j = 0. 

(2) E is an effective (/^-exceptional Cartier divisor. 

(3) Each stratum of (F', S' + B') dominates X' . 

We note that each stratum of (y, S + B) dominates X. Therefore, 

+ S ~R Ky> + S' + B' + ip*f*H. 

We note that ¥?*Cy/(v?*L + ~ Cy(L) and R'^^Oy'{v*L + = for any 
z > by Theorem 12.391 (i). Thus, we can assume that : F' ^ F is an 
identity, that is, we have 

Y Y 



f 



X' 



X. 



We put T = Rig^OYiL). Since ^i*H is nef and big over V and Ti' : X' ^ V 
is projective, we can write ix*H = E + A, where A is a vr'-ample M-divisor on 
X' and E is an effective M-divisor. By the same arguments as above, we take 
some blow-ups and can assume that {Y, S + B + g*E) is a global embedded 
simple normal crossing pair. If ^ 1, then ^B + ^g*E_i = 0, 

fi*H =^E + Ia+ '^^fi*H, 
k k k 
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and 




k-1 



k 



is vr'-ample. Thus, is /x*-acyclic and (vr o/i)^ = vr^-acyclic by Theorem 12.391 
(ii). We note that 



So, we have i?'^/*Cy(L) ~ /i*jF and i?''/*Oy(L) is 7r*-acychc. It is easy to 
see that is torsion-free by Theorem 12.391 (i). Therefore, i?'^/*Cy(L) is 
also torsion-free. Thus, we finish the proof when each stratum of {Y, S + B) 
dominates some irreducible component of X. 

Step 2. We treat the general case by induction on dim/(y). By taking 
embedded log transformation (see Lemma r2.19p . we can decompose Y = Y'U 
Y" as follows: Y' is the union of all strata of (Y, S + B) that are not mapped 
to irreducible components of X and Y" = Y — Y'. We put Ky + By = 
{Ky + S + B)\y" - Y'\y". Then / : (Y", By.) X and L" = L\y» - Y'\y" 
satisfy the assumption in Step [TJ We consider the following short exact 
sequence 



for any q by Stepdl It is because the connecting homomorphisms f^:OY'{L) 
R'^~^^ f^:OY"{L") are zero maps by SteplH Since (i) and (ii) hold for the first 
and third members by Step [1] and by induction on dimension, respectively, 
they also hold for i?V*C>y(L). 



In Step [2] in the proof of Theorem I2.47[ we used the embedded log trans- 
formation and the devissage (see [Amll Remark 2.6]). So, we need the notion 
of embedded simple normal crossing pairs to prove Theorem 12.471 even when 
Y is smooth. It is a key point. 

As a corollary of Theorem 12.471 we can prove the following vanishing 
theorem, which is stated implicitly in the introduction of [Amlj . It is the 
culmination of the works of several authors: Kawamata, Viehweg, Nadel, 
Reid, Fukuda, Ambro, and many others (cf. jKMMl Theorem 1-2-5]). 




^ Oy"{L") Oy{L) Oy'{L) 0. 
By taking -R^/*, we have short exact sequence 

^ Wf,OY"{L") R'UOYiL) ^ WUOy>{L) ^ 



So, we finish the proof. 



□ 
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Theorem 2.48. Let (X, B) be an Ic pair such that B is a boundary M.-divisor 
and let L be a Q-Cartier Weil divisor on X . Assume that L — {Kx + B) 
is nef and log big over V , where tc : X V is a proper morphism. Then 
RiTT^OxiL) =0 for any q> 0. 

As a special case, we have the Kawamata-Viehweg vanishing theorem. 

Corollary 2.49 (Kawamata-Viehweg vanishing theorem). Let {X,B) be a 
kit pair and let L be aQ-Cartier Weil divisor on X . Assume that L—{Kx+B) 
is nef and big over V, where it : X ^ V is a proper morphism. Then 
=0 for any q> 0. 

The proof of Theorem 12.421 works for Theorem 12.481 without any changes 
if we adopt Theorem I2.47[ We add one example. 

Example 2.50. Let F be a projective surface which has the following prop- 
erties: (i) there exists a projective birational morphism f : X Y from 
a smooth projective surface X, and (ii) the exceptional locus E of f is an 
elliptic curve with Kx + E = f*KY- For example, y is a cone over a smooth 
plane cubic curve and f : X Y is the blow-up at the vertex of Y . We 
note that (X, E) is a pit pair. Let H be an ample Cartier divisor on Y . We 
consider a Cartier divisor L = f*H + Kx + E on X. Then L — {Kx + E) is 
nef and big, but not log big. By the short exact sequence 

^ Ox{f*H + Kx) ^ Ox{f*H + Kx + E)^ Oe{Ke) ^ 0, 

we obtain 

R'f,Oxif*H + Kx + E)c^ H\E, Oe{Ke)) ^ C(P), 

where P = f{E). By the Leray spectral sequence, we have 

H\Y, f.Ox{Kx + E)0 Oy{H)) ^ H\X, Ox{L)) -> H\Y, C(P)) 
^ H\Y, f.Ox{Kx + E)® Oy{H)) ^ ■ ■ ■ . 

If H is sufficiently ample, then H\X,OxiL)) ~ i/0(F,C(P)) ~ C(P). In 
particular, H\X, Ox{L)) ^ 0. 

Remark 2.51. In Example 12.501 there exists an effective Q-divisor P on X 
such that L~^B is ample for any /c > by Kodaira's lemma. Since L-E = 0, 
we have B ■ E < 0. In particular, (X, E + ^B) is not Ic for any k > 0. This 
is the main reason why H^{X, Ox{L)) ^ 0. If (X, E -|- \B) were Ic, then the 
ampleness of L - {Kx + E + ^B) would imply H\X, OxiL)) = 0. 



55 



We modify the proof of Theorem I2.47[ Then we can easily obtain the 
following generalization of Theorem 12.391 (i). We leave the details for the 
reader's exercise. 

Theorem 2.52. Let / : {Y, S + B) ^ X be a proper morphism from an 
embedded simple normal crossing pair such that S + B is a boundary, S is 
reduced, and \-B_i = 0. Let L be a C artier divisor on Y and tt : X V a 
proper morphism. Assume that f*H ~r L — {Ky + S + B), where H is nef 
and log abundant over V. Then, every non-zero local section of R'^f^:OY{L) 
contains in its support the f -image of some strata of {Y, S + B). 

Sketch of the proof. In Step [1] in the proof of Theorem 12.471 we can write 
H*H = E -\- A, where E is an effective R-divisor such that kfi*H — E is 
7r'-semi-ample for any positive integer k (cf. pV] 5.11. Lemma]). Therefore, 
Theorem 12.521 holds when each stratum of (Y, S + B) dominates some irre- 
ducible component of X. Step [2] in the proof of Theorem 12.471 works without 
any changes. □ 



2.7 From SNC pairs to NC pairs 

In this section, we recover Ambro's theorems from Theorems 12.381 and 12.391 
We repeat Ambro's statements for the reader's convenience. 

Theorem 2.53 (cf. |Amll Theorem 3.1]). Let {X,S + B) be an embedded 
normal crossing pair such that X is proper, S + B is a boundary M.-divisor, S 
is reduced, and \-B_i = 0. Let L be a Cartier divisor on X and D an effective 
Cartier divisor that is permissible with respect to {X,S + B). Assume the 
following conditions. 

(i) Lr^uKx + S + B + H, 

(ii) H is a semi-ample M-Cartier M.-divisor, and 

(iii) tH ~]K D + D' for some positive real number t, where D' is an effective 
W-Cartier M-divisor that is permissible with respect to {X, S -\- B). 

Then the homomorphisms 

H\X, Ox{L)) ^ H\X, Ox{L + D)), 

which are induced by the natural inclusion Ox — * Ox{L)), are injective for 
all q. 



56 



Theorem 2.54 (cf. |Amll Theorem 3.2]). Let (Y, S + B) be an embedded 
normal crossing pair such that S + B is a boundary M.-divisor, S is reduced, 
and \-B_i = 0. Let f : Y ^ X be a proper morphism and L a Cartier divisor 
on Y such that H ~]r L — {Ky + S + B) is f -semi-ample. 

(i) every non-zero local section of f^OyiL) contains in its support the 
f -image of some strata of (F, S + B). 

(ii) let : X ^ V be a projective morphism and assume that H ~r f*H' 
for some ti -ample M.-Cartier M.-divisor H' on X . Then R^f^OyiL) is 
n^-acyclic, that is, EFn^^R' f^Oy{L) = for any p > 0. 

Before we go to the proof, let us recall the definition of normal cross- 
ing pairs, which is a slight generalization of Definition I2.13[ The following 
definition is the same as |Amlt Definition 2.3] though it may look different. 

Definition 2.55 (Normal crossing pair). Let X be a normal crossing variety. 
We say that a reduced divisor D on X is normal crossing if, in the notation 
of Definition 12. 8[ we have 

_ C[[xo,--- ,xn]] 

\Xq • • • , X j J ■ ■ ■ X ) 

for some {ii, ■ ■ ■ , z^} C {A; + 1, ■ ■ ■ , N}. We say that the pair (X, B) is a 
normal crossing pair if the following conditions are satisfied. 

(1) X is a normal crossing variety, and 

(2) B is an M-Cartier M-divisor whose support is normal crossing on X. 

We say that a normal crossing pair (X, B) is embedded if there exists a closed 
embedding l : X ^ M, where M is a smooth variety of dimension dimX + 1. 
We put Kxo + = ri*{Kx + B), where r] : X^ — > X is the normalization of 
X. From now on, we assume that 5 is a subboundary M-divisor. A stratum 
of (X, B) is an irreducible component of X or the image of some Ic center of 
(X°, B) on X. A Cartier divisor D on a normal crossing pair (X, B) is called 
permissible with respect to (X, B) if D contains no strata of the pair (X, B) . 

The following three lemmas are easy to check. So, we omit the proofs. 

Lemma 2.56. Let X be a normal crossing divisor on a smooth variety M. 
Then there exists a sequence of blow-ups —>■ M^^i ^ ■ ■ ■ ^ Mq = M 
with the following properties. 
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(i) (Jj+i : Mj+i — ^ Mi is the blow-up along a smooth stratum of Xi for any 
i > 0, 

(ii) Xq = X and Xi^i is the inverse image of X^ with the reduced structure 
for any i > 0, and 

(iii) Xk is a simple normal crossing divisor on Mk- 

For each step cTj+i, we can directly check that ai+uOx^^^ — Ox^ and aiJ^i^O x^+i = 
for any i > and q > 1. Let B he an M^-Cartier M.-divisor on X such 
that Supp-B is normal crossing. We put Bq = B and Kx^^^ + -Bi+i = 
a*j^i{Kxi + Bi) for all i > 0. Then it is obvious that Bi is an M.-Cartier 
M.-divisor and Supp5j is normal crossing on X.i for any i > 0. We can also 
check that Bi is a boundary M^-divisor {resp. Q-divisor) for any i >0 if so is 
B. If B is a boundary, then the ai+i-image of any stratum o/ (Xj+i, Sj+i) is 
a stratum of {Xi, Bi) . 

Remark 2.57. Each step in Lemma [2.561 is called embedded log transforma- 
tion in lAni 11 Section 2]. See also Lemma [2. 191 

Lemma 2.58. Let X be a simple normal crossing divisor on a smooth variety 
M. LetS+B he a boundary M.-CartierM.- divisor on X such that Snpp{S -\- B) 
is normal crossing, S is reduced, and \_B_i = 0. Then there exists a sequence 
of blow-ups Mk — ^ Mk_i ■ ■ ■ — ^ Mq = M with the following properties. 

(i) (Tj+i : Afj+i Mi is the blow-up along a smooth stratum of (Xj, Si) 
that is contained in Si for any i > 0, 

(ii) we put Xq = X , Sq = S , and Bq = B, and Xj+i is the strict transform 
of Xi for any i > 0, 

(iii) we define Kx,+^ + Si+i + Bi+i = a*j^^{Kx, + Si Bi) for any i > 0, 
where -Bj+i is the strict transform of Bi on Xj+i, 

(iv) the cTi^i-image of any stratum of {Xi^i, Si+i + -Bj+i) is a stratum of 
{Xi, Si + Bi), and 

(v) Sk is a simple normal crossing divisor on X^. 

For each step cTj+i, we can easily check that ai^uOx,+i — Ox, and W^ai^^Oxi+i = 
for any i > and q > 1. We note that Xi is simple normal crossing, 
Supp(5'j + Bi) is normal crossing on Xi, and Si is reduced for any i > 0. 
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Lemma 2.59. Let X be a simple normal crossing divisor on a smooth variety 
M. Let S+B be a boundary M.-C artier M.- divisor on X such that Snpp{S +B) 
is normal crossing, S is reduced and simple normal crossing, and \_B_i = 0. 
Then there exists a sequence of blow-ups Mk M^-i Mq = M 

with the following properties. 

(i) cTj+i : Mj+i — ^ Mi is the blow-up along a smooth stratum of{Xi, Suppi?j) 
that is contained in Suppi?, for any i > 0, 

(ii) we put Xq = X , Sq = S , and Bq = B, and Xj+i is the strict transform 
of Xi for any i >0, 

(iii) we define Kx,+^ + Si+i + B^+i = a*j^^{Kx, + Si + Bi) for any i > 0, 
where S'j+i is the strict transform of Si on Xj+i, and 

(iv) Supp(5'fc + Bk) is a simple normal crossing divisor on Xk- 

We note that Xi is simple normal crossing on Mi and Supp(S'j + Bi) is 
normal crossing on Xi for any i > 0. We can easily check that \-Bi_i < 
for any i > 0. The composition morphism Mk ^ M is denoted by a. Let L 
be any Cartier divisor on X . We put E = '~—Bk^. Then E is an effective 
a-exceptional Cartier divisor on Xk and we obtain a ^,0 x^^cr* L + E) ~ Ox{L) 
and Ria^Oxf,{a*L + E) = for any q > 1 by Theorem 1^:^ (i). We note 
that a*L + E - {Kx^ + Sk + {Bk}) = cr*L - a*{Kx + S + B) is R-lmearly 
trivial over X and a is an isomorphism at the generic point of any stratum 
of{Xk,Sk + {Bk}). 

Let us go to the proof of Theorems 12.531 and I2.54[ 

Proof of Theorems 12.531 and 12.541 We take a sequence of blow-ups and ob- 
tain a projective morphism a : X' ^ X (resp. a : Y' ^ Y) from an embedded 
simple normal crossing variety X' (resp. Y') in Theorem [233] (resp. Theorem 
I2.54P by Lemma [2.561 We can replace X (resp. Y) and L with X' (resp. Y') 
and a*L by Leray's spectral sequence. So, we can assume that X (resp. Y) 
is simple normal crossing. Similarly, we can assume that S is simple normal 
crossing on X (resp. Y) by applying Lemma 12.581 Finally, we use Lemma 
12.591 and obtain a birational morphism a : {X', S' -\- B') {X, S -\- B) 
(resp. {Y', S' + B') —>■ {Y, S + B)) from an embedded simple normal crossing 
pair (X', S'+B') (resp. (F', S'+B')) such that Kx'+S'+B' = a*{Kx+S+B) 
(resp. Ky + S' + B' = a*{KY + S + B)) as in Lemma [531 By Lemma [5321 
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we can replace (X, S + B) (resp. (F, S + B)) and L with (X', S' + {B'}) 
(resp. (F', S" + {B'})) and cr*L + ^—B'^ by Leray's spectral sequence. Then 
we apply Theorem 12.381 (resp. Theorem 12.391) . Thus, we obtain Theorems 
[mandESI □ 



2.8 Examples 

In this section, we treat various supplementary examples. 

2.60 (Examples for Section [2731) . Let X be a smooth projective variety and 
let M be a Cartier divisor on X such that N ~ mM, where X is a simple 
normal crossing divisor on X and m > 2. We put B = —N and L = Kx + M. 
In this setting, we can apply Proposition 12.221 If M is semi-ample, then the 
existence of such X and m is obvious by Bertini. Here, we give explicit 
examples where M is not nef. 

Example 2.61. We consider the P^-bundle vr : X = Ppi(Opi©Opi(2)) ¥\ 
Let E and G be the sections of vr such that E'^ = —2 and = 2. We note 
that E + 2E ~ G, where F is a fiber of it. We consider M = E + F. Then 
2M = 2E + 2F E + G. In this case, M ■ E = -1. In particular, M is not 
nef. Furthermore, we can easily check that -?/*(X, Ox{Kx + M)) = for any 
i. So, it is not interesting to apply Proposition 12. 22[ 

Example 2.62. We consider the P^-bundle tt : Y = Ppi (Opi ©Opi (4)) ¥\ 
Let G (resp. E) be the positive (resp. negative) section of vr, that is, the 
section corresponding to the projection O^i © Cpi(4) — > Opi(4) (resp. Opi © 
Cpi(4) Cpi). We put M' = -F + 2G, where F is a fiber of tt. Then M' 
is not nef and 2M' ~ G + E + F1 + F2 + H, where Fi and F2 are distinct 
fibers of tt, and H is a. general member of the free linear system \2G\. Note 
that G + E + Fi + F2 + H is a reduced simple normal crossing divisor on 
Y. We put X = Y X G , where G is an elliptic curve, and M = p*M', where 
p : X ^ Y is the projection. Then X is a smooth projective variety and M 
is a Cartier divisor on X. We note that M is not nef and that we can find a 
reduced simple normal crossing divisor such that X ~ 2M. By the Kiinneth 
formula, we have 

H\X, Ox{Kx + M)) ~ H\¥\ Opi (1)) ^ 

Therefore, X with L = Kx + M satisfies the conditions in Proposition 12.221 
and we have H\X, Ox{,L)) ^ 0. 
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2.63 (Kodaira vanishing theorem for singular varieties). The following exam- 
ple is due to Sommese (cf. [Sol (0.2.4) Example]). It shows that the Kodaira 
vanishing theorem does not necessarily hold for varieties with non-lc singu- 
larities. Therefore, Corollary 12.431 is sharp. 

Proposition 2.64 (Sommese). We consider the F"^ -bundle 

TT : F = Ppi(Cpi © Opi(l)®^) ^ 

over Let = C^y(l) be the tautological line bundle of n : Y ^ F'^. 
We take a general member X of the linear system (S> iT*Of>i{—l))'^'^\. 
Then X is a normal projective Gorenstein threefold and X is not Ic. We 
put C = M. ® 7r*(9pi(l). Then C is ample. In this case, we can check that 
H^{X, £^1) = C. By the Serre duality, H\X, Ox{Kx)®C) = C. Therefore, 
the Kodaira vanishing theorem does not hold for X . 

Proof. We consider the following short exact sequence 

^ c-\-x) c-^ c-^\x 0. 

Then we have the long exact sequence 

>H'{Y, C-\-X)) H\Y, £-1) ^ H\X, C~^) 

^ W+\Y,C'\-X)) ^ ■■■ . 

Since W{Y.,C~^) = for i < 4 by the original Kodaira vanishing theorem, 
we obtain that H'^{X,C'^) = H^iY, C^\-X)). Therefore, it is sufficient to 
prove that H'\Y,C'\-X)) = C. 
We have 

C-\-X) = M-^ ® 7r*Cpi(-l) ® M-^ ® 7r*Opi(4) = M-'' ® 7r*Opi(3). 

We note that Rti^M'^ = for i ^ 3 because M = Cy(l). By the 
Grothendieck duality, 

Rnom{R7r,M-^,Opi{Kri)[l]) = i?7^,i^7^om(>^-^ (!:)y(i^y)[4]). 

By the Grothendieck duality again, 

Rn.M-^ = Rnom{R'K,Rnom{M'\OY{KYM),Opi{Kri)[l]) 
= Rnom{R-K,{OY{KY) ® M^),Opi{Kpi))[-3] = (*). 
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By the definition, we have 

OYiKy) = 7r*{Opi{Kpi) ® det(C»pi © Cpi (1)®^)) ® = 7r*Opi(l) ® M-\ 

By this formula, we obtain 

Oy{Ky) ® ^ 7r*Opi{l) M. 

Thus, R'n^OyiKy) ® M^) = for any i > 0. We note that 

7r,(e)y(Xy)(8)M^) = Opi(l)®7r,M 

= e)pi(l) (8) (Opi © Opi(l)®^) = Opi(l) ® Opi(2)®^ 

Therefore, we have 

(*) = i?7iom((!:)pi(l)©Cpi(2)®^Cpi(-2))[-3] 
= (C»pi(-3)®Opi(-4)®')[-3]. 

So, we obtain i?=^7r*A4-5 = Cpi(-3)©Opi(-4)®^ Thus, R^n^M-^^Opi{3) = 
Opi ®e)pi(-l)®3. 

By the spectral sequence, we have 

= ii'°(P\ Cpi © C>pi(-1)®=^) = C. 

Therefore, H^{X,C'^) = C. 

Let us recall that X is a general member of the linear system ® 
7r*e»pi(-l))®^|. Let C be the negative section of tt : F ^ P\ that is, the 
section corresponding to the projection 

Opi ©C>pi(l)®3 ^ Opi ^ 0. 

From now, wc will check that \Ai 7r*(9pi(— 1)| is free outside C. Once we 
checked it, we know that \{M 7r*Opi (— is free outside C. Then X is 
smooth in codimension one. Since Y is smooth, X is normal and Gorenstein 
by adjunction. 

We take Z e \M ^ n*Opi{-l)\ ^ 0. Since H°{Y,M (8) 7r*Opi(-l) ® 
7r*Opi(— 1)) — 0, Z can not have a fiber of tt as an irreducible component, 
that is, any irreducible component of Z is mapped onto by tt : F ^ P^. 
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On the other hand, let / be a hne in a fiber of vr : F — P^. Then Z ■ I = 1. 
Therefore, Z is irreducible. Let F = P^ be a fiber of tt : F — > P^. We consider 

= H%Y,M^n*Opi{-l)®OY{-F)) ®7r*Cpi(-l)) 
^ H%F,Of{1)) ^ H\Y,M0n*Opii-l)0OYi~F)) ^ ••■ . 

Since {M^Tr*Opi{-l))-C = -1, every member of |A^®7r*Cpi(-l)| contains 
C. We put P = F n C. Then the image of 

a : M ® 7r*Opi (-1)) ^ C^(l)) 

is H^{F,mp ® (9_f(1)), where mp is the maximal ideal of P. It is because 
the dimension of H^{Y,M ®7r*(9pi(— 1)) is three. Thus, we know that \M ® 
7r*C»pi(-l)| is free outside C. In particular, \{M ® 7r*Cpi(-l))®^| is free 
outside C. 

More explicitly, the image of the injection 

a : H\Y,M®7i*Or^{-l)) H\F,Of{1)) 
is H°{F,mp (g) We note that 

® 7r*Opi(-i)) = ij°(p\ Opi(-i) © = c^ 

and 

H%Y, {M ® 7r*Opi(-l))^4) = //"(Pi, Sym^(Opi(-l) © 0®? j) = C^l 

We can check that the restriction of H^{Y,{M © 7r*Cpi (-1))^^) to F is 
Sym^if°(F, mp©0p(l)). Thus, the general fiber / of tt : X ^ P^ is a cone in 
on a smooth plane curve of degree 4 with the vertex P = fnC. Therefore, 
(Y, X) is not Ic because the multiplicity of X along C is four. Thus, X is 
not Ic by the inversion of adjunction (cf. Corollary 14.471) . Anyway, X is the 
required variety. □ 

Remark 2.65. We consider the P'^ "'"^-bundle 

TT : F = Ppi(Opi © Opi(l)®('^+^)) ^ P^ 

over pi for k > 2. We put M = Oy(l) and £ = © 7r*Cpi(l). Then 
C is ample. We take a general member X of the linear system © 
7r*(9pi(— l))®*^^"*"^)!. Then we can check the following properties. 
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(1) X is a normal projective Gorenstein {k + l)-fold. 

(2) X is not Ic. 

(3) We can check that = C>pi(-1 - A;) © Opi (-2 - A;)®^ 
and that = ior i ^ k + 1. 

(4) Since C'^-X) = Af-C^+s) 7r*0^i{k + 1), we have 

H''+\Y,C-\-X)) = ii'°(P\i?'=+V,M-('=+^) ® Opi{k + 1)) 

= //°(P\ Cpi © Opi(-l)®('=+^)) = C. 

Thus, H^{X,C~^) = = C. 

We note that the first cohomology group of an anti- ample line bundle on 
a normal variety with dim > 2 always vanishes by the following Mumford 
vanishing theorem. 

Theorem 2.66 (Mumford). Let V he a normal complete algebraic variety 
and C he a semi-ample line hundle on V . Assume that KiV^C) > 2. Then 

Proof. Let / : — > F be a resolution. By Leray's spectral sequence, 

^ H\V, fJ*C-') ^ H'{W, rC-') ^ • • • . 

By the Kawamata-Viehweg vanishing theorem, H^(W, f*jO,~^) — 0. Thus, 
H\V, £-1) = H\V, UrC-') = 0. □ 

2.67 (On the Kawamata-Viehweg vanishing theorem). The next example 
shows that a naive generalization of the Kawamata-Viehweg vanishing the- 
orem does not necessarily hold for varieties with Ic singularities. 

Example 2.68. We put y = x P^. Let : F ^ P^ be the i-ih. projection 
for i = 1 and 2. We define C = p\0 f.2{l) (g)p2Cp2(l) and consider the P^- 
bundle tt : FT = Py (/:©Cy) V. Let F = P^ x P^ be the negative section of 
TT : W —>■ V, that is, the section of vr corresponding to £©Cy — >• Oy — >■ 0. By 
using the linear system |Oh/(1) ® 7r*PiCp2(l)|, we can contract F = P^ x P^ 
to P2 X {point}. 

Next, we consider an elliptic curve C C P^ and put Z = CxCgV = 
p2 X P2. Let TT : y ^ Z be the restriction of n : W ^ V to Z. The 
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restriction of the above contraction morphism ^\Ow{i)'S)tt*pIOj.2{i)\ '■ W —>■ U 
to Y is denoted hy f : Y ^ X. Then, the exceptional locus of f : Y ^ X is 
E = F\y = C X C and / contracts £" to C x {point}. 

Let Ovk(1) be the tautological hne bundle of the P^-bundle n : W ^ V. 
By the construction, Ow{f) = Ow{D), where D is the positive section of tt, 
that is, the section corresponding to £ © Ow ^ C ^ 0. By the definition, 

Ow{Kw) = n*{Ov{Kv) ® ® Ow{-2). 

By adjunction, 

Oy{Ky) = 7T*{Oz{Kz) ® C\z) ® Oy{~2) = n*{/:\z) ® Oy(-2). 
Therefore, 

OYiKY + E)= Ti*{C\z) ® Oy{-2) ® Oy{E). 

We note that E = Since OY{E)m*{C\z) ^ Oy{D), we have Oy{-{Ky+ 
E)) = Oy{1) because = Oy{D). Thus, -{Ky + E) is nef and big. 

On the other hand, it is not difficult to see that X is a normal projective 
Gorenstein threefold, X is Ic but not kit along G = f{E), and that X is 
smooth outside G. Since we can check that f*Kx = Ky + E, —Kx is nef 
and big. 

Finally, we consider the short exact sequence 

Q^J^Ox^ Ox/J ^ 0, 

where J is the multiplier ideal sheaf of X. In our case, we can easily check 
that J = f^OY^—E) = Xg, where is the defining ideal sheaf of G on X. 
Since —Kx is nef and big, H^{X, JT) = for any i > by Nadel's vanishing 
theorem. Therefore, W{X,Ox) = H^{G,Og) for any i > 0. Since G is an 
elliptic curve, H^{X, Ox) = H\G, Og) = C. We note that -Kx is nef and 
big but —Kx is not log big with respect to X. 

2.69 (On the injectivity theorem). The final example in this section supple- 
ments Theorem 12.381 

Example 2.70. We consider the P^-bundle n : X = Ppi(Cpi©Cpi(l)) ¥\ 
Let 5* (resp. H) be the negative (resp. positive) section of vr, that is, the 
section corresponding to the projection O^i © Opi(l) — > Opi (resp. Opi © 
(9pi(l) (9pi(l)). Then H is semi-ample and S + F H , where F is a fiber 

of TT. 
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Claim. The homomorphism 

H\X, Ox{Kx + S + H))^ H\X, Ox{Kx + S + H + S + F)) 

induced by the natural inclusion Ox —>■ Ox{S + F) is not injective. 

Proof of Claim. It is sufficient to see that the homomorphism 

H\X, Ox{Kx + S + H))^ H\X, Ox{Kx + S + H + F)) 

induced by the natural inclusion Ox Ox{F) is not injective. We consider 
the short exact sequence 

Ox{Kx + S + H)-^ Ox{Kx + S + H + F) 

Of{Kf + {S + H)\f) ^ 0. 

We note that F ^ and OpiKp + (S + H)\f) ~ Opi. Therefore, we obtain 
the following exact sequence 

^ C H\X, Ox{Kx + S + H))^ H\X, Ox{Kx + S + H + F)) ^ 0. 

Thus, H^{X, Ox{Kx + S + H)) H\X, Ox{Kx + S + H + F)) is not 
injective. We note that 5* + F is not permissible with respect to (X, 5*). □ 

2.9 Review of the proofs 

We close this chapter with the review of our proofs of Theorems 12.531 and 
I2.54[ It may help the reader to compare this chapter with |Amlt Section 3]. 
We think that our proofs are not so long. Ambro's proofs seem to be too 
short. 

2.71 (Review). We review our proofs of the injectivity, torsion-free, and 
vanishing theorems. 

Step 1. (Fi-degeneration of a certain Hodge to de Rham type spectral se- 
quence). We discuss this Fi-degeneration in I2.32[ As we pointed out in the 
introduction, the appropriate spectral sequence was not chosen in [Amlj . It 
is one of the crucial technical problems in |AmH Section 3]. This step is 
purely Hodge theoretic. We describe it in Section [2^ 
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Step 2. (Fundamental injectivity theorem: Proposition I2.23P . This is a very 
special case of |Amlt Theorem 3.1] and follows from the i?i-degeneration in 
Step [1] by using covering arguments. This step is in Section 12.31 

Step 3. (Relative vanishing lemma: Lemma [2.33p . This step is missing in 
|Amlj . It is a very special case of |Amlt Theorem 3.2 (ii)]. However, we can 
not use |Amlt Theorem 3.2 (ii)] in this stage. Our proof of this lemma does 
not work directly for normal crossing pairs. So, we need to assume that the 
varieties are simple normal crossing pairs. 

Step 4. (Injectivity theorem for embedded simple normal crossing pairs: The- 
orem [2]38]). It is [Amlt Theorem 3.1] for embedded simple normal crossing 
pairs. It follows easily from Step [2] since we already have the relative van- 
ishing lemma in Step [3l A key point in this step is Lemma 12.341 which is 
missing in [Amlj and works only for embedded simple normal crossing pairs. 

Step 5. (Torsion-free and vanishing theorems for embedded simple normal 
crossing pairs: Theorem l2.39l) . It is |AmH Theorem 3.2] for embedded simple 
normal crossing pairs. The proof uses the lemmas on desingularization and 
compactification (see Lemmas 12.341 and 12. 36p . which hold only for embedded 
simple normal crossing pairs, and the injectivity theorem proved for embed- 
ded simple normal crossing pairs in Step IH Therefore, this step also works 
only for embedded simple normal crossing pairs. Our proof of the vanishing 
theorem is slightly different from Ambro's one. Compare Steps [2] and [3] in 
the proof of Theorem 12.391 with (a) and (b) in the proof of [Amlt Theorem 
3.2 (ii)]. See Remark [2301 

Step 6. (Ambro's theorems: Theorems 12.531 and I2.54[ ). In this final step, 
we recover Ambro's theorems, that is, |AmH Theorems 3.1 and 3.2], in full 
generality. Since we have already proved [Amll Theorem 3.2 (i)] for embed- 
ded simple normal crossing pairs in Step we can reduce the problems to 
the case when the varieties are embedded simple normal crossing pairs by 
blow-ups and Leray's spectral sequences. This step is described in Section 
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Chapter 3 

Log Minimal Model Program 
for Ic pairs 



In this chapter, we discuss the log minimal model program (LMMP, for short) 
for log canonical pairs. 

In Section 13.11 we will explicitly state the LMMP for Ic pairs. We state 
the cone and contraction theorems explicitly for Ic pairs with the additional 
estimate of lengths of extremal rays. We also write the flip conjectures for Ic 
pairs. We note that the flip conjecture I (existence of an Ic flip) is still open 
and that the flip conjecture II (termination of a sequence of Ic flips) follows 
from the termination of kit flips. We give a proof of the flip conjecture I in 
dimension four. 

Theorem 3.1 (cf. Theorem I3.13p . Log canonical flips exist in dimension 
four. 



In Section 13.21 we introduce the notion of quasi-log varieties. We think 
that the notion of quasi-log varieties is indispensable for investigating Ic pairs. 
The reader can find that the key points of the theory of quasi-log varieties 
in [Amlj are adjunction and the vanishing theorem (see [Amlt Theorem 4.4] 
and Theorem 13.391) . Adjunction and the vanishing theorems for quasi-log 
varieties follow from |Amll 3. Vanishing Theorems]. However, Section 3 of 
|Aml] contains various troubles. Now Chapter [2] gives us sufficiently powerful 
vanishing and torsion-free theorems for the theory of quasi-log varieties. We 
succeed in removing all the troublesome problems for the foundation of the 
theory of quasi-log varieties. It is one of the main contributions of this 
chapter and |F16j . We slightly change Ambro's formulation. By this change. 
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the theory of quasi-log varieties becomes more accessible. As a byproduct, 
we have the following definition of quasi-log varieties. 

Definition 3.2 (Quasi-log varieties). A quasi-log variety is a scheme X en- 
dowed with an M-Cartier M-divisor u, a proper closed subscheme X^^o C X, 
and a finite collection {C} of reduced and irreducible subvarieties of X such 
that there is a proper morphism / : F — > X from a simple normal crossing 
divisor y on a smooth variety M satisfying the following properties: 

(0) there exists an M-divisor D on M such that Supp(D + Y) is simple 
normal crossing on M and that D and Y have no common irreducible 
components. 

(1) f*uj ~M Ky + By, where By = D\y. 

(2) The natural map Ox —>■ (-By^)"') induces an isomorphism 

Ix.^^f.Oy{^-{B<'y-^B>'^), 
where Xx_^ is the defining ideal sheaf of X^^o- 

(3) The collection of subvarieties {C} coincides with the image of (Y, By)- 
strata that are not included in X_^. 

Definition 13.21 is equivalent to Ambro's original definition (see |Amlt Def- 
inition 4.1] and Definition 13.551) . For the details, see the subsection I3.2.6[ 
However, we think Definition 13.21 is much better than Ambro's. Once we 
adopt Definition 13.21 we do not need the notion of normal crossing pairs to 
define quasi-log varieties and get flexibility in the choice of quasi-log resolu- 
tions f :Y ^ X hy Proposition I3.52[ 

In Section 13.31 we will prove the fundamental theorems for the theory of 
quasi-log varieties such as cone, contraction, rationality, and base point free 
theorems. 

The paper |F16] is a gentle introduction to the log minimal model program 
for Ic pairs. It may be better to see |F16] before reading this chapter. 

3.1 LMMP for log canonical pairs 
3.1.1 Log minimal model program 

In this subsection, we explicitly state the log minimal model program (LMMP, 
for short) for log canonical pairs. It is known to some experts but we can 
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not find it in the standard literature. The following cone theorem is a con- 
sequence of Ambro's cone theorem for quasi-log varieties (see Theorem 5.10 
in [Amlj . Theorems 13.741 and 13. 751 below) except for the existence of Cj with 
< -{Kx + B) ■ Cj < 2dimX in Theorem [SJ] (!)• We will discuss the 
estimate of lengths of extremal rays in the subsection 13.1.31 

Theorem 3.3 (Cone and contraction theorems). Let {X,B) be an Ic pair, 
B an M.-divisor, and f : X —>■ Y a projective morphism between algebraic 
varieties. Then we have 

(i) There are [countably many) rational curves Cj C X such that f{Cj) is 
a point, < —{Kx + B) ■ Cj <2 dimX, and 

NE{X/Y) = NE{X/Y)^K^+B)>o + 5^M>o[C,]. 

(ii) For any e > and f -ample M.-divisor H, 

NE{X/Y) = NE{X/Y)^K^+B+eH)>o + 5^M>o[Q]. 

finite 



(iii) Let F C NE{X/Y) be a {Kx + B)-negative extremal face. Then there 
is a unique morphism ifp : X ^ Z over Y such that {'^f)*Ox — Oz, 
Z is projective over Y , and an irreducible curve C G X is mapped 
to a point by ipp if and only if [C] e F . The map ipp is called the 
contraction of F. 

(iv) Let F and (fp be as in (iii). Let L be a line bundle on X such that 
L ■ C = for every curve C with [C] E F. Then there is a line bundle 
Lz on Z such that L ~ (ppLz- 

Remark 3.4 (Lengths of extremal rays). In Theorem 13.31 (i), the estimate 
-{Kx + B)-Cj < 2dimX should be leplacedhy -{Kx + B)-Cj < dimX + 1. 
For toric varieties, this conjectural estimate and some generalizations were 
obtained in [F3j and [F5\ . 

The following proposition is obvious. See, for example, \KM\ Proposition 
3.36]. 
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Proposition 3.5. Let {X, B) he a Q-factorial Ic pair and let tc : X ^ S be 

a projective morphism. Let (p^ : X ^ Y be the contraction of a {Kx + B)- 
negative extremal ray R C NE{X/S). Assume that (p^ is either a divisorial 
contraction {that is, pn contracts a divisor on X) or a Fano contraction {that 
is, dimy < dimX). Then 

(1) Y is Q-factorial, and 

(2) p{Y/S) = p{X/S)-l. 

By the above cone and contraction theorems, we can easily see that the 
LMMP, that is, a recursive procedure explained in |KMl 3.31] (see also the 
subsection ll.6.4p . works for Q-factorial log canonical pairs if the flip conjec- 
tures (Flip Conjectures I and II) hold. 

Conjecture 3.6. ((Log) Flip Conjecture I: The existence of a (log) flip). 
Let if: {X,B) —>■ W be an extremal flipping contraction of an n- dimensional 
pair, that is, 

(1) {X,B) is Ic, B is an W-divisor, 

(2) if is small projective and ip has only connected fibers, 

(3) —{Kx + B) is ip-ample, 

(4) p{X/W) = 1, and 

(5) X is Q-factorial. 

Then there should be a diagram: 

X — ^ X+ 

w 

which satisfies the following conditions: 

(i) X+ is a normal variety, 

(ii) : X^ ^ W is small projective, and 

(iii) Kx+ + B~^ is p^ -ample, where B^ is the strict transform of B. 
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We call ip+ : (X+, B+) ^ W a (Kx + 5)-flip ofip. 

We note the following proposition. See, for example, |KMt Proposition 
3.37]. 

Proposition 3.7. Let {X,B) be a Q-factorial Ic pair and let tt : X S be 

a projective morphism. Let (p^ : X ^ Y be the contraction of a {Kx + B)- 
negative extremal ray R C NE{X/S). Let ipn : X ^ Y be the flipping 
contraction of R C NE{X/S) with flip (/?^ : X+ Y . Then we have 

(1) X+ is Q-factorial, and 

(2) p{X+/S) = p{X/S). 

Note that to prove Conjecture 13. 6l we can assume that 5 is a Q-divisor, by 
perturbing B slightly. It is known that Conjecture 13. 6l holds when dimX = 3 
(see |FAt Chapter 8]). Moreover, if there exists an M-divisor B' on X such 
that Kx + B' is kit and —{Kx + B') is v?-ample, then Conjecture 13.61 is true 
by |BCHMj . The following famous conjecture is stronger than Conjecture 
13.61 We will see it in Lemma [3. 9[ 

Conjecture 3.8 (Finite generation). Let X be an n-dimensional smooth 
projective variety and B a boundary Q-divisor on X such that Suppi? is a 
simple normal crossing divisor on X . Assume that Kx + B is big. Then the 
log canonical ring 

R{X, Kx + B) = ^ H\X, Ox{^m{Kx + 5) j)) 

m>0 

is a finitely generated C-algebra. 

Note that if there exists a Q-divisor B' on X such that Kx + B' is kit and 
Kx + B' ~Q Kx + 5, then Conjecture [SH holds by [BCHMj . See Remark 

Lemma 3.9. Let f : X ^ S be a proper surjective morphism between normal 
varieties with connected fibers. We assume dimX = n. Let B be a Q-divisor 
on X such that (X, B) is Ic. Assume that Kx + B is f-big. Then the relative 
log canonical ring 

R{X/S, Kx + B) = ^ f,Ox{^m{Kx + B)^) 

m>0 

is a finitely generated Os-algebra zf Conjecture 13.81 holds. In particular, Con- 
jecture 13.81 implies Conjecture 13.61 
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The following conjecture is the most general one. 

Conjecture 3.10 (Finite Generation Conjecture). Let f : X S be a 

proper surjective morphism between normal varieties. Let B be a Q-divisor 
on X such that {X, B) is Ic. Then the relative log canonical ring 

R{X/S, Kx + B) = ^ f,Ox{^m{Kx + B)^) 

m>0 

is a finitely generated Os-algcbra. 

When (X, B) is kit, we can reduce Conjecture 13.101 to the case when 
Kx + -B is /-big by using a canonical bundle formula (see |FMj ). Thus, 
Conjecture EHU] holds for kit pairs by [BCHMj . When (X, 5) is Ic but not 
kit, we do not know if we can reduce it to the case when Kx + -B is /-big or 
not. 

Before we go to the proof of Lemma 13.91 we note one easy remark. 
Remark 3.11. For a graded integral domain R = ^ Rm and a positive 

m>0 

integer k, the truncated ring R^''^ is defined by R^'^^ = Rkm- Then R is 

m>0 

finitely generated if and only if so is R^''\ We consider Proji? when R is 
finitely generated. We note that Proj-R*^'^-' = Proji?. 

The following argument is well known to the experts. 

Proof of Lemma 13.91 Since the problem is local, we can shrink S and assume 
that S is affine. By compactifying X and S and by the desingularization 
theorem, we can further assume that X and S are projective, X is smooth, 
B is effective, and Suppi? is a simple normal crossing divisor. Let A be a very 
ample divisor on S and H G \rA\ a general member for r ^ 0. Note that 
Kx + B + {r- l)f*A is big for r > (cf. [KMMl Corollary 0-3-4]). Let tuq 
be a positive integer such that nriQ^Kx + B + f*H) is Cartier. By Conjecture 
ESI H^{X, Oximmo{Kx + B + f*H))) is finitely generated. Thus, the 

m>0 

relative log canonical model X' over S exists. Indeed, by assuming that 
mo is sufficiently large and divisible, R{X, Kx + B + f*HY^'^^ is generated 
by R{X,Kx + B + f*H)mo and \mo{Kx + B + {r - l)f*A)\ ^ ij). Then 
X' = FToi^H%X,Ox{mmo{Kx + B + f*H))) and X' is the closure of 

m>0 

the image of X by the rational map defined by the complete linear system 
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\mQ{Kx + B + rf*A)\. More precisely, let g : X" X he the elimination 
of the indeterminacy of the rational map defined by \mQ{Kx + B + rf*A)\. 
Let g' : X" — > X' be the induced morphism and h : X" S the morphism 
defined by the complete linear system \mog* f*A\. Then it is not difficult to 
see that h factors through X'. 

Therefore, ^ f*Ox{rnmo{Kx + B)) is a finitely generated Cg-algebra 

m>0 

by the existence of the relative log canonical model X' over S. We finish the 
proof. □ 

The next theorem is an easy consequence of [BCHMj . |AHKj . [Flj . and 

Theorem 3.12. Let {X,B) be a proper four- dimensional Ic pair such that 
B is a Q-divisor and Kx + B is big. Then the log canonical ring 

0i/°(X, Ox{^m{Kx + B)^)) 

m>0 

is finitely generated. 

Proof. Without loss of generality, we can assume that X is smooth projec- 
tive and Supp-B is simple normal crossing. Run a {Kx + -B)-LMMP. Then 
we obtain a log minimal model by [Shlj . |HMj and [AHK] with 

the aid of the special termination theorem (cf. |F8l Theorem 4.2.1]). By 
|F2l Theorem 3.1], which is a consequence of the main theorem in |Flj . 
Kx' + B' is semi-ample. In particular, @ H^{X,Ox{i-'m{Kx + B)j)) ~ 

m>0 

H^{X\ Ox' i^m{Kx' + B')j)) is finitely generated. □ 

m>0 

As a corollary, we obtain the next theorem by Lemma 13.91 
Theorem 3.13. Conjecture 13.61 is true if dimX < 4. 

More generally, we have the following theorem. 
Theorem 3.14. Conjecture 13.101 is true if dimX < 4. 

For the proof, see [B], [£18], and [Fk2j. Let us go to the flip conjecture 

II. 
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Conjecture 3.15. ((Log) Flip Conjecture II: Termination of a sequence of 
(log) flips). A sequence of (log) flips 

(Xo, Bo) (Xi, Bi) (X2, B2) ■ ■ ■ 

terminates after finitely many steps. Namely, there does not exist an infinite 
sequence of (log) flips. 

Note that it is sufficient to prove Conjecture 13.151 for any sequence of 
kit flips. The termination of dlt flips with dimension < n — 1 implies the 
special termination in dimension n. Note that we use the formulation in 
|F8t Theorem 4.2.1]. The special termination and the termination of kit 
flips in dimension n implies the termination of dlt flips in dimension n. The 
termination of dlt flips in dimension n implies the termination of Ic flips in 
dimension n. It is because we can use the LMMP for Q-factorial dlt pairs in 
full generality by ^BCHM] once we obtain the termination of dlt flips. The 
reader can find all the necessary arguments in |F8t 4.2, 4.4]. 

Remark 3.16 (Analytic spaces). The proofs of the vanishing theorems in 
Chapter [2] only work for algebraic varieties. Therefore, the cone, contraction, 
and base point free theorems stated here for Ic pairs hold only for algebraic 
varieties. Of course, all the results should be proved for complex analytic 
spaces that are projective over any fixed analytic spaces. 

3.1.2 Non- Q-factorial log minimal model program 

In this subsection, we explain the log minimal model program for non-Q- 
factorial Ic pairs. It is the most general log minimal model program. First, 
let us recall the definition of log canonical models. 

Definition 3.17 (Log canonical model). Let (X, A) be a log canonical pair 
and / : X ^ S* a proper morphism. A pair (X', A') sitting in a diagram 

X -U X' 

f\ /r 

s 

is called a log canonical model of (X, A) over S if 
(1) /' is proper. 
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(2) ^ has no exceptional divisors, 

(3) A' = 0,A, 

(4) Kx' + A' is /'-ample, and 

(5) a{E, X, A) < a{E, X\ A') for every (/)-exceptional divisor E <Z X. 

Next, we explain the minimal model program for non-Q-factorial Ic pairs 
(cf. [ESI 4.4]). 

3.18 (MMP for non-Q-factorial Ic pairs). We start with a pair (X, A) = 
(Xq, Aq). Let /o : Xq ^ S* be a projective morphism. The aim is to set up a 
recursive procedure which creates intermediate pairs (Xj, Aj) and projective 
morphisms /j : Xj — S. After some steps, it should stop with a final pair 
(X', A') and /' : X' ^ S. 

Step (Initial datum). Assume that we already constructed (Xj,Aj) and 
fi : Xi S with the following properties: 

(1) (X„A,) isle, 

(2) fi is projective, and 

(3) Xj is not necessarily Q-factorial. 

If Xj is Q-factorial, then it is easy to see that X^ is also Q-factorial for any 
k > i. Even when Xj is not Q-factorial, Xj+i sometimes becomes Q-factorial. 
See, for example. Example 15.41 below. 

Step 1 (Preparation). If Kx^ + Aj is /j-nef, then we go directly to Step [3] 
(2). If Kxi + Aj is not /j-nef, then we establish two results: 

(1) (Cone Theorem) We have the following equality. 

NE{X,/S) = NE{Xi/S)^K^^+A,)>o + Y,^>o[C^]■ 

(2) (Contraction Theorem) Any {Kx, + Aj)-negative extremal ray Ri C 
NE{Xi/S) can be contracted. Let (pR. : Xi ^ Yi denote the corre- 
sponding contraction. It sits in a commutative diagram. 

fi \ /9i 
S 
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Step 2 (Birational transformations). If (p^^ : Xj — > is birational, then we 
can find an effective Q-divisor B on Xi such that (Xj, B) is log canonical 
and —{Kxi + B) is V9j?--ample since p{Xi/S) = 1 (cf. Lemma r3.20p . Here, 
we assume that 0m>o(v'J?J*^^i('-"^(-^^i +-^)-') is a finitely generated 0y.- 
algebra. We put 

X,+i = Proj^^ ^iy^nJ*OxA^m{Kx, + B)^), 

m>0 

where Aj+i is the strict transform of ((yj/jJ^Aj on Xj+i. 

We note that (Xj+i, Aj+i) is the log canonical model of (Xj, Aj) over Yi 
(see Definition I3.17p . It can be checked easily that (p~^, : Xj+i — "Kj is a 
small projective morphism and that (Xj+i, Aj+i) is log canonical. Then we 
go back to Step [0] with (Xj+i, Aj+i), /j+i = giO {p~^ and start anew. 

If Xj is Q-factorial, then so is Xj+i. If Xj is Q-factorial and (fn- is 
not small, then ip~^_ : Xj+i Yi is an isomorphism. It may happen that 
p{Xi/S) < p(Xj+i/S') when Xj is not Q-factorial. See, for example. Example 
[5^ below. 

Step 3 (Final outcome). We expect that eventually the procedure stops, 
and we get one of the following two possibilities: 

(1) (Mori fiber space) If (p^- is a Fano contraction, that is, dim Yi < dimXj, 
then we set (X', A') = (Xj, Aj) and /' = /j. 

(2) (Minimal model) If Kx^ + Aj is /j-nef, then we again set (X', A') = 
(Xj, Aj) and /' = /j. We can easily check that (X', A') is a log minimal 
model of (X, A) over S in the sense of Definition II ■231 

Therefore, all we have to do is to prove Conjecture 13.101 for birational 
morphisms and Conjecture 13.151 

We close this subsection with an example of a non-Q-factorial log canon- 
ical variety. 

Example 3.19. Let C C be a smooth cubic curve and F C be a cone 
over C. Then Y is log canonical. In this case, Y is not Q-factorial. We can 
check it as follows. Let / : X = Fc{Oc Q) C) ^ Y he a. resolution such that 
Kx + E = f*KY, where C = Of2{l)\c and E is the exceptional curve. We 
take P,QeC such that Oc{P — Q) is not a torsion in Pic''(C). We consider 
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D = n*P- n*Q, where tt : X = Pc(Oc ® C) ^ C. We put D' = f,D. If 
D' is Q-Cartier, then mD = f*mD' + aE for some a G Z and m G Z>o- 
Restrict it to E. Then Oc{m{P - Q)) ~ OsiaE) ~ (/:-^)®". Therefore, we 
obtain that a = and m(P — Q) ~ 0. It is a contradiction. Thus, is not 
Q-Cartier. In particular, Y is not Q-factorial. 

3.1.3 Lengths of extremal rays 

In this subsection, we consider the estimate of lengths of extremal rays. 
Related topics are in |BCHMj . Let us recall the following easy lemma. 

Lemma 3.20 (cf. [Sli2l Lemma 1]). Let {X,B) he an Ic pair, where B is an 
M.-divisor. Then there are positive real numbers ri and effective Q-divisors 
Bi for 1 < i < I and a positive integer m such that Yl\=i = 1> + B = 
Y2\=i ^i{^x + Bi), (X, Bi) is Ic, and m{Kx + Bi) is Cartier for any i. 

The next result is essentially due to |Ka2j and |Sh2t Proposition 1]. 

Proposition 3.21. We use the notation in Lemma r3.20l Let (X, B) he an Ic 

pair, B anM.-divisor, and f : X ^ Y a projective morphism between algebraic 
varieteis. Let R be a {Kx + B) -negative extremal ray of NE{X/Y). Then 
we can find a rational curve C on X such that [C] G R and —{Kx + Bi) -C < 
2 dimX for any i. In particular, —{Kx + B) ■ C < 2 dimX. More precisely, 
we can write —{Kx + B) ■ C = Yl\=i where rij G Z and Ui < 2m dim X 
for any i. 

Proof. By replacing f : X ^Y with the extremal contraction ^pn '■ X W 
over Y, we can assume that the relative Picard number p{X/Y) = 1. In 
particular, —{Kx+B) is /-ample. Therefore, we can assume that —{Kx+Bi) 
is /-ample and -{Kx + Bi) = -Si{Kx + Bi) in N\X/Y) with Si < 1 for 
any i > 2. Thus, it is sufficient to find a rational curve C such that f{C) 
is a point and that —{Kx + Bi) ■ C < 2dimX. So, we can assume that 
Kx + is Q-Cartier and Ic. By |BCHMj . there is a birational morphism 
g : {W, Bw) ^ (X, B) such that Kw + Bw = g*{Kx + B),W is Q-factorial, 
Bw is effective, and {W,{Bw}) is kit. By jKa2l Theorem 1], we can find a 
rational curve C on W such that —{Kw + Bw)-C' < 2 dim W = 2 dimX and 
that C spans a {Kw + iJ^y) -negative extremal ray. Note that Kawamata's 
proof works in the above situation with only small modifications. See the 
proof of Theorem 10-2-1 in [M] and Remark 13.221 below. By the projection 
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formula, the ^f-image of C is a desired rational curve. So, we finish the 
proof. □ 



Remark 3.22. Let (X, D) be an Ic pair, D an M-divisor. Let : X — 
y be a projective morphism and H a Cartier divisor on X. Assume that 
H-{Kx + D) is /-ample. By Theorem [23H1 R'^(j)*OxiH) = for any g > 
if X and Y are algebraic varieties. If this vanishing theorem holds for analytic 
spaces X and Y, then Kawamata's original argument in |Ka2] works directly 
for Ic pairs. In that case, we do not need the results in |BCHMj in the proof 
of Proposition 13.211 

We consider the proof of [Ml Theorem 10-2-1] when {X, D) is Ic such 
that (X, {£)}) is kit. We need = after shrinking X and Y 

analytically. In our situation, (X, D — e^DJ) is kit for < e ^ 1. Therefore, 
H - {Kx + D - £:lZ)j) is (/)-ample and (X, D - e^DS) is kit for < e -C 1. 
Thus, we can apply the analytic version of the relative Kawamata-Viehweg 
vanishing theorem. So, we do not need the analytic version of Theorem 12. 48[ 



By Proposition I3.21[ Lemma 2.6 in [B] holds for Ic pairs. For the proof, 
see [HI Lemma 2.6]. It may be useful for the LMMP with scaling. 



Proposition 3.23. Let (X, B) he an Ic pair, B an M.-divisor, and f : X Y 
a projective morphism between algebraic varieties. Let C be an effective M- 
Cartier divisor on X such that Kx + B + C is f-nef and (X, B + C) is Ic. 
Then, either Kx + B is also f-nef or there is a {Kx + B)-negative extremal 
ray R such that {Kx + B + AC) ■ R = 0, where 

X := mi{t >0\Kx + B + tCis f-nef}. 

Of course, Kx -\- B + \C is f-nef. 



The following picture helps the reader understand Proposition 13.231 
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Kx + B + C = 



Kx + B + XC = 



Kx + B <0 



Kx + B = 



3.1.4 Log canonical flops 

The following theorem is an easy consequence of [BCHMj . 

Theorem 3.24. Let (X, A) be a kit pair and D a Q-divisor on X. Then 
©m>o Ox{^iTiD_i) is a finitely generated Ox -algebra. 

Sketch of the proof. If D is Q-Cartier, then the claim is obvious. So, we as- 
sume that D is not Q-Cartier. We can also assume that X is quasi-projective. 
By |BCHMj . we take a birational morphism f : Y X such that Y is 
Q-factorial, / is small projective, and (Y, Ay) is kit, where Ky + Ay = 
f*{Kx + A). Then the strict transform Dy of D on Y is Q-Cartier. Let 
£ be a small positive number. By applying the MMP with scaling for the 
pair {Y, Ay + eDy) over X, we can assume that Dy is /-nef. Therefore, by 
the base point free theorem, 0^>g /*(9y (LmDyj) ~ 0^>q (9x(LmZ)j) is 
finitely generated as an Cx-algebra. □ 

The next example shows that Theorem 13.241 is not true for Ic pairs. In 
other words, if (X, A) is Ic, then 0^>o Oxi^mDji) is not necessarily finitely 
generated as an O^-algebra. 

Example 3.25 (cf. |Ko5l Exercise 95]). Let E G he a smooth cubic 
curve. Let S* be a surface obtained by blowing up nine general points on E 
and Es C S the strict transform of E. Let if be a very ample divisor on S 
giving a projectively normal embedding S C P". Let X C A"'^^ be the cone 
over S and D G X the cone over Es. Then {X, D) is Ic since Ks + Es ~ 
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(cf. Proposition I4.38( ) . Let P E D G X he the vertex of the cones D and X. 
Since X is normal, we have 

H%X, Ox{mD)) = H\X \ P, Ox{mD)) 

~0if°(^, Os{mEs + rH)). 

By the construction, OsimEs) has only the obvious section which vanishes 
along mEs for any m > 0. It can be checked by the induction on m using 
the following exact sequence 

^ H^X, Osiim-l)Es)) ^ H^S, Os{mEs)) ^ H\Es, OEs{mEs)) ^ ■ • • 

since Oes{Es) is not a torsion element in Pic''(-E's). Therefore, H^{S, Os{rnEs+ 
rH)) = for any r < 0. So, we have 

OximD) H^S, OsimEs + rH)). 

m>0 m>0 r>0 

Since Es is nef, OsijnEs + 4if ) ~ Os{Ks + Es + mEs + 4-^) is very ample 
for any m > 0. Therefore, by replacing H with 4iJ, we can assume that 
OsimEs + riJ) is very ample for any m > and r > 0. In this setting, the 
multiplication maps 

m—l 

H\S, OsiaEs + H)) ® H\S, Os{{m - a)Es)) 

0=0 

-^H\S, OsimEs + H)) 

are never surjective. This implies that ^,^^yQ OximD) is not finitely gener- 
ated as an C^-algebra. 

Let us recall the definition of log canonical fiops (cf. |FA^ 6.8 Definition]). 

Definition 3.26 (Log canonical flop). Let iX,B) be an Ic pair. Let H be 
a Cartier divisor on X. Let f : X ^ Z he a small contraction such that 
Kx + -B is numerically /-trivial and —H is /-ample. The opposite of / with 
respect to H is called an if-flop with respect to Kx + B or simply say an 
H-Rop. 

The following example shows that log canonical flops do not always exist. 
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Example 3.27 (cf. |Ko5t Exercise 96]). Let E be an elliptic curve and L a 
degree zero line bundle on E. We put S = Fe{Oe © L). Let Ci and C2 be 
the sections of the P^-bundle p : S E. We note that Ks + Ci + C2 ^ 0. 
As in Example 13.251 we take a sufficiently ample divisor H = aF + bCi 
on S giving a projectively normal embedding S C P", where F is a fiber 
of the P^-bundle p : S ^ E, a > 0, and 6 > 0. We can assume that 
OsifnCi + rH) is very ample for any i, m > 0, and r > 0. Moreover, we 
can assume that Os{M + rH) is very ample for any nef divisor M and any 
r > 0. Let X C A""*"^ be a cone over S and Di G X the cones over Ci. Since 
+ Ci + C2 ~ 0, (X, D1 + D2) is Ic and + /^i + ^2 ~ (cf. Proposition 
14.381) . By the same arguments as in Example 13. 25[ we can prove the following 
statement. 

Claim 1. If L is a non-torsion element in Pic''(-E'), then ®^>o Ox{fnDi) is 
not a finitely generated sheaf of Ox -algebra for i = 1 and 2. 

We note that OsimCi) has only the obvious section which vanishes along 
mCi for any m > 0. Let i? C X be the cone over F. Then we have the 
following result. 

Claim 2. The graded Ox-algebra 0^>o OxijnB) is a finitely generated Ox- 
algebra. 

Proof of Claim [21 By the same arguments as in Example 13.251 we have 
Ox{mB) ^00 H%S, OsimF + rH)). 

m>0 m>0 r>0 

We consider V = FgiOsiF) © Os{H)). Then C»v(l) is semi-ample. There- 
fore, 

H\V, Oy{n)) ^00 H\S, OsimF + rH)) 

n>0 m>0 r>0 

is finitely generated. □ 

Let P G X be the vertex of the cone X and let / : F — >■ X be the blow-up 
at P. Let A ~ S* be the exceptional divisor of /. We consider the P^-bundle 
TT : FsiOs © OsiH)) S. Then Y ~ FsiOs © OsiH)) \ G, where G is the 
section of vr corresponding to Os © Os{H) Os{H) 0. We consider 7r*F 
on Y. Then Oy{7t*F) is /-semi-ample. So, we obtain a contraction morphism 
g : Y ^ Z over X. It is easy to see that Z ~ Proj^^ 
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and that h : Z ^ X is a small projective contraction. On Y, we have 
-A ~ TT*H = aTT*F + bn*Ci. Therefore, we obtain aB + 6L>i ~ on X. If L 
is not a torsion element, then the flop of h : Z ^ X with respect to Di does 
not exist since 0m>o Ox{fnDi) is not finitely generated as an C^-algebra. 

Let C be any Cartier divisor on Z such that —C is /i-ample. Then the 
flop of h : Z ^ X with respect to C exists if and only if 0^>o KOz{rnC) is 
a finitely generated O^-algebra. We can find a positive constant mo and 
a degree zero Cartier divisor N on E such that the finite generation of 
0^>Q /i*Cz(mC) is equivalent to that of 0^>q Cx("^('^o-Di + A^)), where 
C X is the cone over p*N C S. 

Claim 3. IfL is not a torsion element in Fic^(E), then 0„>o Ox{'m{'moDi + 

N)) is not finitely generated as an Ox -algebra. In particular, the flop of 
h : Z ^ X with respect to C does not exist. 

Proof of Claim [31 By the same arguments as in Example 13.251 we have 
^Ox{m{moD, + N)) 

- H%S, Os{m{moC, + p*N) + rH)). 

m>0 rgZ 

Since dim H^{S, Os{m{mQCi+p*N))) < 1 for any m > 0, we can easily check 
that the above Ox-algebra is not finitely generated. See the arguments in 
Example I3.25[ We note that Os{m{mQCi + p*N) + rH) is very ample for 
any m > and r > because moCi + p*N is nef. □ 

Anyway, if L is not a torsion element in Pic''(£'), then the flop oik : Z ^ 
X does not exist. 

In the above setting, we assume that L is a torsion element in 'Pic^{E). 
Then (9y(7r*Ci) is /-semi-ample. So, we obtain a contraction morphism g' : 
Y — i> Z+ over X. It is easy to see that 0„>o OxijnDi) is finitely generated 
as an Ox-algebra for i = 1,2 (cf. Claim [2]), Z+ ~ Proj^ 0,^>q 
and that Z^ — > X is the flop oi Z ^ X with respect to Di. 

Let C be any Cartier divisor on Z such that —C is /i-ample. If —C ~Q,ft, 
cB for some positive rational number c, then it is obvious that the above 
Z^ ^ X is the flop oik : Z ^ X with respect to C. Otherwise, the flop of h : 
Z ^ X with respect to C does not exist. As above, we can find a positive con- 
stant niQ and a non-torsion element N in Pic°(i?) such that 0m>o h^O z{rnC) 
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is finitely generated if and only if so is ^^~^QOx{m{moDi + N)), where 

iV C X is the cone over p*N C 5*. By the same arguments as in the proof of 
Claim[3l we can easily check that 0„>q Ox{m{moDi+N)) is not finitely gen- 
erated as an Ox-algebra. We note that dim H^{S, Os(m(mo-Di +p*N))) = 
for any m > since is a non-torsion element and L is a torsion element 
in Pic°(E). 

3.2 Quasi- log varieties 

3.2.1 Definition of quasi-log varieties 

In this subsection, we introduce the notion of quasi-log varieties according to 
|Aml] ■ Our definition requires slightly stronger assumptions than Ambro's 
original one. However, we will check that our definition is equivalent to 
Ambro's in the subsection I3.2.6[ 

Let us recall the definition of global embedded simple normal crossing 
pairs (see Definition 12. 16p . 

Definition 3.28 (Global embedded simple normal crossing pairs). Let Y be 
a simple normal crossing divisor on a smooth variety M and let D be an 
M-divisor on M such that Supp(D -|- Y) is simple normal crossing and that 
D and Y have no common irreducible components. We put By = D\y and 
consider the pair {Y,By)- We call {Y,By) a global embedded simple normal 
crossing pair. 

It's time for us to define quasi-log varieties. 

Definition 3.29 (Quasi-log varieties). A quasi-log variety is a scheme X 
endowed with an M-Cartier M-divisor u, a proper closed subscheme X^^o C 
X, and a finite collection {C} of reduced and irreducible subvarieties of 
X such that there is a proper morphism / : [Y, By) — >■ X from a global 
embedded simple normal crossing pair satisfying the following properties: 

(1) f*LU ~M Ky + By. 

(2) The natural map Ox /*C^y('"~(-5y^)~') induces an isomorphism 

Ix.^^Wy{^-{B<'y-uB>'^), 

where Tx_^ is the defining ideal sheaf of X_^. 
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(3) The collection of subvarieties {C} coincides with the image of {Y, By)- 
strata that are not included in X_^. 

We sometimes simply say that [X, u] is a quasi-log pair. We use the following 
terminology according to Ambro. The subvarieties C are the qlc centers of X, 
X_oo is the non-qlc locus of X, and / : {Y, By) — > X is a quasi-log resolution 
of X. We say that X has qlc singularities if X_oo = 0- Assume that [X, u] is 
a quasi-log pair with X_oo = 0- Then we simply say that [X, u] is a qlc pair. 
Note that a quasi-log variety X is the union of its qlc centers and X_oo- A 
relative quasi-log variety X / S is a quasi-log variety X endowed with a proper 
morphism n : X —* S. 

Remark 3.30 (Quasi-log canonical class). In Definition 13.29^ we assume 
that uj is an M-Cartier R-divisor. However, it may be better to see u G 
Pic(X) ®z M. It is because the quasi-log canonical class u is defined up to 
M-linear equivalence and we often restrict to a subvariety of X. 

Example 3.31. Let X be a normal variety and let B be an effective M-divisor 
on X such that Kx + -B is R-Cartier. We take a resolution f : Y ^ X such 
that Ky + By = f*{Kx + B) and that Supp5y is a simple normal crossing 
divisor on Y. Then the pair [X, Kx + B] is a quasi-log variety with a quasi- 
log resolution / : {Y, By) — > X. By this quasi-log structure, [X, Kx + B] is 
qlc if and only if {X, B) is Ic. See also Corollary 13.511 

Remark 3.32. By Definition I3.29[ X has only qlc singularities if and only if 
By is a subboundary. In this case, f*Oy ~ Ox since Ox — /*Cy C"— (-By^)"'). 
In particular, / is surjective when X has only qlc singularities. 

Remark 3.33 (Semi- normality). In general, we have 

^ f.Of-r^x\x.^){^-{B^'r-.B>'.) = hOf^.(x\x^^){r-{B<'V). 

This implies that Ox\x.^ — f*Of-^{x\x^oo)- Therefore, X \ X_oo is semi- 
normal since f~^{X \ X_oo) is a simple normal crossing variety. 

Remark 3.34. To prove the cone and contraction theorems for Ic pairs, it is 
enough to treat quasi-log varieties with only qlc singularities. For the details, 
see jFT6] . 

We close this subsection with an obvious lemma. 

Lemma 3.35. Let [X,uj\ be a quasi-log pair. Assume that X = V U X_oo 
and V n X_oo = 0- Then [V, u'] is a qlc pair, where u' = uj\v- 
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3.2.2 Quick review of vanishing and torsion-free theo- 
rems 

In this subsection, we quickly review Ambro's formulation of torsion-free and 
vanishing theorems in a simplified form. For more advanced topics and the 
proof, see Chapter [2l 

We consider a global embedded simple normal crossing pair {Y, B) . More 
precisely, let F be a simple normal crossing divisor on a smooth variety M 
and let D be an M-divisor on M such that Supp(D + Y) is simple normal 
crossing and that D and Y have no common irreducible components. We put 
B = D\y and consider the pair (Y, B). Let v : Y'^ ^Y he the normalization. 
We put Ky-^ + G = v*{Ky + B). A stratum of {Y,B) is an irreducible 
component of Y or the image of some Ic center of (y , 0^^). 

When Y is smooth and B is an M-divisor on Y such that Supp-B is 
simple normal crossing, we put M = F x and D = B x A^. Then 
{Y,B) ~ (F X {0},-B X {0}) satisfies the above conditions. 

The following theorem is a special case of Theorem 12.391 

Theorem 3.36. Let {Y, B) be as above. Assume that B is a boundary M- 
divisor. Let f : Y X be a proper morphism and L a Cartier divisor on 
Y. 

(1) Assume that H ~k L — {Ky + B) is f -semi-ample. Then every non- 
zero local section of f^OY^l^) contains in its support the f -image of some 
strata of (F, B). 

(2) Let TT : X V be a proper morphism and assume that H ~r f*H' for 
some TT-ampleM.-Cartier'R-divisor H' on X . Then, f^OY{L) is ir^,- acyclic, 
that IS, RPn^Rf^OYiL) = Oforanyp>0. 

We need a slight generalization of Theorem 13.361 in Section 14.11 Let us 
recall the definition of nef and log big divisors for the vanishing theorem. 

Definition 3.37 (Nef and log big divisors). Let / : {Y, By) ^ X be a proper 
morphism from a simple normal crossing pair [Y, By). Let tt : X ^ V he a. 
proper morphism and H an M-Cartier M-divisor on X. We say that H is nef 
and log big over V if and only if H\c is nef and big over V for any C, where 

(i) C is a qlc center when X is a quasi-log variety and / : {Y, By) — > X is 
a quasi-log resolution, or 

(ii) C is the image of a stratum of {Y, By) when By is a subboundary. 
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If X is a quasi-log variety with only qlc singularities and / : (Y, By) 
X is a quasi-log resolution, then the above two cases (i) and (ii) coincide. 
When {X,Bx) is an Ic pair, we choose a log resolution of {X,Bx) to be 
/ : (y. By) X, where Ky + By = f*{Kx + Bx). We note that if H is 
ample over V then it is obvious that H is nef and log big over V . 

Theorem 3.38 (cf. Theorem I2.47p . Let (Y,B) be as above. Assume that 
B is a boundary W-divisor. Let f : Y ^ X be a proper morphism and L 
a Cartier divisor on Y . We put H ~ir L — {Kx + B). Let tt : X ^ V 
be a proper morphism and assume that H ~]8 f*H' for some ir-nef and vr- 
log big W-Cartier M^-divisor H' on X . Then, every non-zero local section of 
W f^:Oy{L) contains in its support the f -image of some strata of(Y,B), and 
W f^:Oy{L) is Ht,-acyclic, that is, BP'k^:R'^ f^Oy{L) = for any p > 0. 

For the proof, see Theorem 12.471 

3.2.3 Adjunction and Vanishing Theorem 

The following theorem is one of the key results in the theory of quasi-log 
varieties (cf. [Amlt Theorem 4.4]). 

Theorem 3.39 (Adjunction and vanishing theorem). Let [X,uj] be a quasi- 
log pair and X' the union of X_oo with a [possibly empty) union of some qlc 
centers of [X, u] . 

(i) Assume that X' ^ X^^o- Then X' is a quasi-log variety, with uj' = u!\x' 
and X'^^ = X_oo- Moreover, the qlc centers of [X',uj'] are exactly the 
qlc centers of [X,uj] that are included in X' . 

(ii) Assume that n : X —>■ S is proper. Let L be a Cartier divisor on X such 
that L — UJ is nef and log big over S. Then Ix' ® Ox{L) is Tt^^-acyclic, 
where Tx' is the defining ideal sheaf of X' on X . 

Theorem 13.391 is the hardest part to prove in the theory of quasi-log 
varieties. It is because it depends on the non-trivial vanishing and torsion- 
free theorems for simple normal crossing pairs. The adjunction for normal 
divisors on normal varieties is investigated in |F15] . See also Section l475l 

Proof. By blowing up the ambient space M of F, we can assume that the 
union of all strata of (F, By) mapped to X', which is denoted by F' , is 
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a union of irreducible components of Y (cf. Lemma l2.19p . We will justify 
this reduction in a more general setting in Proposition 13.501 below. We put 
Ky + By = (Ky + By)\y' and Y" = Y - Y'. We claim that [X',uj'] is a 
quasi-log pair and that / : {Y',By>) ^ X' is a quasi-log resolution. By the 
construction, f*uj' ~m Ky' + By' on Y' is obvious. We put A = ''—{By^)^ 
and = L-By^j. We consider the following short exact sequence 

^ Oy"{-Y') ^Oy ^ Oy' 0. 

By applying ^Oy{A — N), we have 

^ OY"iA -N-Y')^ Oy{A -N)^ Oy>{A - A^) ^ 0. 

By applying we obtain 

^ f.OY"{A - iV - r) ^ /,Oy(A - iV) ^ J.Oy^A - N) 
^R^f,OY"{A-N-Y') ^ •■■ . 

By Theorem l3.36l (i). the support of any non-zero local section of R^f^:OY" {A— 
N — Y') can not be contained in X' = f{Y'). We note that 

{A-N-Y')\y"-{Ky" + {By"} + B=},-Y'\y") = -{Ky"+By") ~m f*uj\Y", 

where Ky"+By" = {Ky+By)\y"- Therefore, the connecting homomorphism 
f^OY'iA -N)^ R^f^OY"iA -N-Y') is a zero map. Thus, 

^ f.OY"{A -N-Y')^ ^ hOY'{A - iV) ^ 

is exact. We put Tx' = f*OY"{A — N — Y'). Then Xx' defines a scheme 
structure on X'. We define Ix'^^ = Ix_^/Ix'- Then Ix'_^ ^ f*OY'{A - N) 
by the above exact sequence. By the following diagram: 

f.OY"{A ~N-Y') /,Oy(A -N) f.OY'{A - N) 

Wy"{A - Y') f.OYiA) f.OY'iA) 

Jx Ox Ox 0, 

we can see that Ox' — > /■i.C'y' C"— (-By/)"') induces an isomorphism Ix'_^ 
/*Oy' C"— (-By/^)"' — Li?y/j). Therefore, [X',^^'] is a quasi-log pair such that 
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X'_^ = X_oo- By the construction, the property about qlc centers are obvi- 
ous. So, we finish the proof of (i). 

Let / : {Y, By) — > X be a quasi-log resolution as in the proof of (i). Then 
t{L-uj) ~K f*L-{KY" + BY") on Y", where Ky^ + By = {Ky + By)\y"- 
Note that 

f*L-{KY" + BY") = {f*L + A-N -Y')\y"-{Ky" + {By"} + B^},-Y'\y") 

and that any stratum of (Y", Byl — ^'|y") is not mapped to X_oo = 
Then by Theorem 13.381 (Theorem 13.361 (ii) when L — uj is 7r-ample), 

M'7r4f,OY"irL + A-N- Y')) = R^n^Ix' ® = 

for any p > 0. Thus, we finish the proof of (ii). □ 

Remark 3.40. We make a few comments on Theorem 13.391 for the reader's 
convenience. We shghtly changed the big diagram in the proof of [AmU 
Theorem 4.4] and incorporated [ Amlt Theorem 7.3] into |Amlt Theorem 
4.4]. Please compare Theorem 13.391 with the original statements in |Amlj . 

Corollary 3.41. Let [X,uj] be a qlc pair and let X' be an irreducible compo- 
nent of X . Then [X',uj'], where uj' = uj\x' , is a qlc pair. 

Proof. It is because X' is a qlc center of [X, uj\ by Remark 13.321 □ 

The next example shows that the definition of quasi-log varieties is rea- 
sonable. 

Example 3.42. Let {X,Bx) be an Ic pair. Let f : Y {X,Bx) be a 
resolution such that Ky + S + B = f*{Kx + Bx), where Supp(S' + B) is 
simple normal crossing, S is reduced, and lSj < 0. We put Ks + Bs = 
{Kx + S + B)\s and consider the short exact sequence 

^ Oy{^-B^ -S)^ Oy{^-B~^) Os{^-Bs~^) 0. 

Note that Bs = B\s since Y is smooth. By the Kawamata-Viehweg vanishing 
theorem, R^f^OY^^-B^ - 5) = 0. This implies that f^Osi^-Bs^) ~ C»/(s) 
since /^.Oy C"— i?^) ~ Ox- This argument is well known as the proof of the 
connectedness lemma. We put W = f{S) and u = {Kx + Bx)\w- Then 
[W, u] is a quasi-log pair with only qlc singularities and / : (5, Bs) ^ W is 
a quasi-log resolution. 
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Example [132] is a very special case of Theorem l3.39l (i). that is, adjunction 
from [X,Kx + Bx] to [VT, c<j]. For other examples, see |F12| §5] or Section 
I4.4[ where we treat toric polyhedra as quasi-log varieties. In the proof of 
Theorem 13.391 (i), we used Theorem 13.361 (i), which is a generalization of 
KoUar's theorem, instead of the Kawamata-Viehweg vanishing theorem. 

3.2.4 Miscellanies on qlc centers 

The notion of Ics locus is important for X-method on quasi-log varieties. 

Definition 3.43 (LCS locus). The LCS locus of a quasi-log pair [X, tu], de- 
noted by LCS(X) or LCS(X, cj), is the union of X^^o with all qlc centers 
of X that are not maximal with respect to the inclusion. The subscheme 
structure is defined in Theorem 13.391 (i), and we have a natural embed- 
ding X_oo C LCS(X). In this book and [£16], LCS(X,cj) is denoted by 
Nqklt(X,cj). 

When X is normal and B is an effective M-divisor such that Kx + B 
is M-Cartier, Nqkh(X,irx + B) is denoted by Nkh(X,5) and is called the 
non-kit locus of the pair (X, B). 

The next proposition is easy to prove. However, in some applications, it 
may be useful. 

Proposition 3.44 (cf. |AmH Proposition 4.7]). Let X he a quasi-log variety 
whose LCS locus is empty. Then X is normal. 

Proof. Let / : (F, By) — > X be a quasi-log resolution. By the assumption, 
every stratum of Y dominates X. Therefore, / : F — > X passes through 
the normalization X^ — > X of X. This implies that X is normal since 
/,Oy ~ by Remark [331 □ 

Theorem 3.45 (cf. |Amll Proposition 4.8]). Assume that [X, cj] is a qlc 
pair. We have the following properties: 

(i) The intersection of two qlc centers is a union of qlc centers. 

(ii) For any point P E X , the set of all qlc centers passing through P has 
a unique element W . Moreover, W is normal at P. 
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Proof. Let Ci and C2 be two qlc centers of [X, cj]. We fix P G Ci fl C2. It 
is enough to find a qlc center C such that P G C C Ci fl C2. The union 
X' = C1UC2 with uj' = u!\x' is a qlc pair having two irreducible components. 
Hence, it is not normal at P. By Proposition 13.441 P G Nqklt(X', u;'). 
Therefore, there exists a qlc center C G Ci with dimC < dimCi such that 
P G C n C2. If C C C2, we are done. Otherwise, we repeat the argument 
with Ci = C and reach the conclusion in a finite number of steps. So, we 
finish the proof of (i). The uniqueness of the minimal qlc center follows from 
(i) and the normality of the minimal center follows from Proposition I3.44[ 
Thus, we have (ii). □ 

Theorem 3.46 (cf. jXni2[ Theorem 1.1]). We assume that {X, B) is log 
canonical. Then we have the following properties. 

(1) (X, P) has at most finitely many Ic centers. 

(2) An intersection of two Ic centers is a union of Ic centers. 

(3) Any union of Ic centers of (X, B) is semi-normal. 

(4) Let X & X be a closed point such that {X, B) is log canonical hut not 
Kawamata log terminal at x. Then there is a unique minimal Ic center 
Wx passing through x, and Wx is normal at x. 

Proof. Let / : {Y, By) — * {X, B) be a resolution such that Ky + By = 
f*{Kx + B) and SuppPy is a simple normal crossing divisor. Then an Ic 
center of {X, B) is the image of some stratum of a simple normal crossing 
variety By^. Therefore, {X,B) has at most finitely many Ic centers. This is 
(1). The statements (2) and (4) are obvious by Theorem 13.451 Let {Cj}jg/ 
be a set of Ic centers of {X, B). We put X' = [j.^j Ci and u' = {Kx + B)\x'. 
Then [X', uj'] is a qlc pair. Therefore, X' is semi-normal by Remarks 13.321 
and 13331 This is (3). □ 

The following result is an easy consequence of adjunction and the vanish- 
ing theorem: Theorem 13.391 

Theorem 3.47 (cf. |Amlt Theorem 6.6]). Let [X,uj] be a quasi-log pair and 
let TT : X ^ S be a proper morphism such that tt^^Ox — Os and —uj is nef 
and log big over S . Let P E S he a closed point. 

(i) Assume that X_oo H 'k^^{P) 7^ and C is a qlc center such that C H 
Ti-\P) ^ 0. Then C n X_^ n -r-^P) ^ 0. 
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(ii) Assume that [X, u] is a qlc pair. Then the set of all qlc centers inter- 
secting TX^^{P) has a unique minimal element with respect to inclusion. 

Proof. Let C be a qlc center of [X, cj] such that P G 7r(C) fl 7r(X_oo)- Then 
X' = C U X_oo with uj' = uj\x' is a quasi-log variety and the restriction map 
7i^,Ox — ^ vt^kCx' is surjective by Theorem 13.391 Since n^Ox — Os, X_oo and 
C intersect over a neighborhood of P. So, we have (i). 

Assume that [X,uj] is a qlc pair, that is, X_oo = 0- Let Ci and C2 be 
two qlc centers of [X,u] such that P G 7r(Ci) fl 7r(C2). The union X' = 
Ci U C2 with u' = uj\x' is a qlc pair and the restriction map ir^Ox — * 
TT^Ox' is surjective. Therefore, Ci and C2 intersect over P. Furthermore, the 
intersection Ci fl C2 is a union of qlc centers by Proposition 13.451 Therefore, 
there exists a unique qlc center Cp over a neighborhood of P such that 
Cp C C for every qlc center C with P G vr(C). So, we finish the proof of 
(ii). □ 

The following corollary is obvious by Theorem 13.471 

Corollary 3.48. Let {X, B) be a proper Ic pair. Assume that —{Kx + B) is 
nef and log big and that {X, B) is not kit. Then there exists a unique minimal 
Ic center Cq such that every Ic center contains Cq. In particular, Nklt(X, B) 
is connected. 

The next theorem easily follows from [Fl] Section 2]. 

Theorem 3.49. Let {X, B) be a projective Ic pair. Assume that Kx + B is 
numerically trivial. Then Nklt(X, B) has at most two connected components. 

Proof. By jBCHM] . there is a birational morphism / : {Y,By) {X,B) 
such that Ky + By = f*{Kx + B), Y is projective and Q-factorial, By 
is effective, and {Y, {By}) is kit. Therefore, it is sufficient to prove that 
L-Byj has at most two connected components. We assume that L-Byj 7^ 0. 
Then Ky + {By} is Q-factorial kit and is not pseudo-effective. Apply the 
arguments in [Fll Proposition 2.1] with using the LMMP with scaling (see 
|BCHM] ). Then we obtain that L-Byj and Nklt{X,B) have at most two 
connected components. □ 

3.2.5 Useful lemmas 

In this subsection, we prepare some useful lemmas for making quasi-log res- 
olutions with good properties. 
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Proposition 3.50. Let f : Z ^ Y be a proper birational morphism between 
smooth varieties and let By be an M.-divisor on Y such that Supply is simple 
normal crossing. Assume that Kz + Bz = f*{KY + By) and that Suppi?^ is 
simple normal crossing. Then we have 

hOz{^-{BfV - L^r^) ^ Oy{^-{B<^r - ^B>'.). 

Furthermore, let S be a simple normal crossing divisor on Y such that S C 
Supply ""^ . Let T be the union of the irreducible components of B"^^ that are 
mapped into S by f . Assume that Snppf^^By U Exc(/) is simple normal 
crossing on Z . Then we have 

fM^-{B<'y - ^B>'^) ^ Os{^-{Bfy - Li?>ij), 

where {Kz + Bz)\t = Kt + Bt and {Ky + By)\s = Ks + Bg. 
Proof. By Kz + Bz = f*{Ky + By),we obtain 

Kz=f*{Ky + B=' + {By}) 

+ r (Li?<^ + l5>1j) - (L5f J + l5>1j) - Bf - {Bz}. 

If a(z/, y, i?y^ + {By}) = —1 for a prime divisor u over Y, then we can 
check that a(z/, Y, By ) = -1 by using jKMl Lemma 2.45]. Since f*{^B^^^ + 
\_By^_i) — {\_B^^_i + \_B^^_i) is Cartier, we can easily see that f*{\_BY^_s + 
L^y^ j) = lS^^ J + L-B^^ J + E, where E is an effective /-exceptional divisor. 
Thus, we obtain 

f.Ozi^-iBf)^ - ^B>'.) ^ Oy(r-(S<i)n _ ,5>i,). 

Next, we consider 

0^Oz{^-{Bf)^-^B>'^-T) 

Oz{^-{Bf)^ - Lfi>^) ^ Ot{^-{B<')^ - Li?>^) ^ 0. 

Since T = f*S — F, where F is an effective /-exceptional divisor, we can 
easily see that 

f,Ozi^-{Bf)^ - lB>1j - T) ^ Oyi^~iB<')^ - l5>^ - S). 
We note that 

{^-{Bf)^ - ^Bf^ - T) - [Kz + {Bz} + Bf - T) 

= -f*{Ky + By). 
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Therefore, every local section of f^:OzC ■~{B^^)~^ — ]_B^^ _i — T) contains in 
its support the /-image of some strata of {Z, {Bz} + B^^ — T) by Theorem 

Claim. No strata of [Z, {Bz} + B^^ — T) are mapped into S by f . 

Proof of Claim. Assume that there is a stratum C of {Z, {Bz} + B^^ — T) 
such that f{C) C S. Note that Supp/*^ C Supp/'^Sy U Exc(/) and 
Supp-B^^ C Supp/^^-By U Exc(/). Since C is also a stratum of {Z, B^^) and 
C C Supp/*^, there exists an irreducible component G of B^^ such that 
C C G C Supp/*^. Therefore, by the definition of T, G is an irreducible 
component of T because f{G) C S and G is an irreducible component of B^^. 
So, G is not a stratum of (Z, {-Bz} + -B^^ ~ T). It is a contradiction. □ 

On the other hand, /(T) C S. Therefore, 

f,OT{^-{B<'r - ^B>'^) ^ R^f^Oz{^-{Bfy - ^B>'^ - T) 

is a zero map by the assumption on the strata of (Z, i?^^ — T). Thus, 

fM^-{B<'y - Li?>ij) ^ )^ - Li?>ij). 

We finish the proof. □ 

The following corollary is obvious by Proposition 13.501 

Corollary 3.51. Let X he a normal variety and let B he an effective M- 
divisor on X such that Kx + B is M.-Cartier. Let fi -.Yi X he a resolution 
of (X, B) for i = 1,2. We put Ky^ + -By^ = fi{LCx + B) and assume that 
Supp-By^ is simple normal crossing. Then fi : (l^,i?yj — > X defines a quasi- 
log structure on [X, Kx + B] for i = 1,2. By taking a common log resolution 
of (Yi, ByJ and (Y2,By2) suitably and applying Proposition 13. 50|. we can see 
that these two quasi-log structures coincide. Moreover, let X' he the union 
of X_oo with a union of some qlc centers of [X, Kx + B] . Then we can see 
that fi : (Y'i,i?yJ —* X and f2 : (1^2, -Byj) — > X induce the same quasi-log 
structure on [X' , {Kx + -B)|x'] hy Proposition 13.501 

The final results in this section are very useful and indispensable for some 
applications. 
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Proposition 3.52. Let [X, u] be a quasi-log pair and let f : {Y, By) X be 
a quasi-log resolution. Assume that {Y, By) is a global embedded simple nor- 
mal crossing pair as in Definition l3.28l Let a : N M be a proper birational 
morphism from a smooth variety N. We define Kn + Dn = (y*{KM + D + Y) 
and assume that Suppa~^{D + Y)U Exc(cr) is simple normal crossing on N. 
Let Z be the union of the irreducible components of D^^ that are mapped into 
Y by a. Then f o a : {Z, Bz) ^ X is a quasi-log resolution of [X,uj\, where 
Kz + Bz = {Km + Dm)\z- 

The proof of Proposition 13.521 is obvious by Proposition 13.501 

Remark 3.53. In Proposition 13.521 a : {Z,Bz) {Y,By) is not necessarily 
a composition of embedded log transformations and blow-ups whose centers 
contain no strata of the pair {Y,By^) (see |Amlt Section 2]). Compare 
Proposition 13.521 with [AmU Remark 4.2. (iv)]. 

The final proposition in this subsection will play very important roles in 
the following sections. 

Proposition 3.54. Let f : {Y,By) —>■ X be a quasi-log resolution of a quasi- 
log pair [X,uj], where {Y,By) is a global embedded simple normal crossing 
pair as in Definition 13.281 Let E be a Cartier divisor on X such that SuppE 
contains no qlc centers of [X, u] . By blowing up M , the ambient space of 
Y , inside Snpp f*E, we can assume that {Y, By + f*E) is a global embedded 
simple normal crossing pair. 

Proof. First, we take a blow-up of M along f*E and apply Hironaka's resolu- 
tion theorem to M. Then we can assume that there exists a Cartier divisor E 
on M such that Supp(FnF) = Supp/*ii^. Next, we apply Szabo's resolution 
lemma to Supp(D + Y + E) on M. Thus, we obtain the desired properties 
by Proposition 13. 5UI □ 

3.2.6 Ambro's original formulation 

Let us recall Ambro's original definition of quasi-log varieties. 

Definition 3.55 (Quasi-log varieties). A quasi-log variety is a scheme X 
endowed with an M-Cartier M-divisor uj, a proper closed subscheme X_oo C 
X, and a finite collection {C} of reduced and irreducible subvarieties of X 
such that there is a proper morphism / : {Y, By) X from an embedded 
normal crossing pair satisfying the following properties: 
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(1) f*U ~K Ky + By. 

(2) The natural map Ox /*C'y('~— (-By^)"') induces an isomorphism 

where is the defining ideal sheaf of X_oo- 

(3) The collection of subvarieties {C} coincides with the image of (Y, By)- 
strata that are not included in X_^. 

For the definition of normal crossing pairs, see Definition I2.55[ 

Remark 3.56. We can always construct an embedded simple normal cross- 
ing pair (y, Byi) and a proper morphism /' : (y' , Byi) X with the above 
conditions (1), (2), and (3) by blowing up M suitably, where M is the ambi- 
ent space of Y (see |Amll p. 218, embedded log transformations, and Remark 
4.2. (iv)]). We leave the details for the reader's exercies (see also Lemmas 
12.561 12.581 and 12.591 and the proof of Proposition 13.501) . Therefore, we can 
assume that {Y^By) is a simple normal crossing pair in Definition 13.551 We 
note that the proofs of the vanishing and injectivity theorems on normal 
crossing pairs are much harder than on simple normal crossing pairs (see 
Chapter [2]). Therefore, there are no advantages to adopt normal crossing 
pairs in the definition of quasi-log varieties. 

The next proposition is the main result in this section. Proposition 13.501 
becomes very powerful if it is combined with Proposition I3.57[ See Proposi- 
tion [331 

Proposition 3.57. We assume that (F, By) is an embedded simple normal 
crossing pair in Definition 13.551 Let M be the ambient space ofY. We can 
assume that there exists an M.- divisor D on M such that Supp(D + Y) is 
simple normal crossing and By = D\y. 

Proof. We can construct a sequence of blow-ups Mk-i Mq = 

M with the following properties. 

(i) o"i_|_i : Afj_|_i Mi is the blow-up along a smooth irreducible component 
of Suppi?y^ for any i > 0, 

(ii) we put Yq = Y, By^ = By, and Yj+i is the strict transform of Yi for 
any i > 0, 
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(iii) we define Ky^^^ + By^^-, = cr*^i(-ft'y^ + ByJ for any i > 0, 

(iv) tliere exists an R-divisor D on sucli tliat Supp(Yfc + D) is simple 
normal crossing on Mk and that D\y^. = By^, and 

(v) a,Oy,{^-{B<ly-^B>l^) ^ Oy{^-{Bf y-^B>'^), where a : ^ 
Mk-i > Mo = M. 

We note that we can directly check crj+i^.(9y.^^('~— (i?y.^J~' — Li?y.^^j) ~ 
Oy. C"— (Sy^)"' — L-By^j) for any i > by computations similar to the proof 
of Proposition [330l We replace M and (V, By) with Mk and (Yfc, 5yJ. □ 

Remark 3.58. In the proof of Proposition [3371 and {Yk, By^) depend on 
the order of blow-ups. If we change the order of blow-ups, we have another 
tower of blow-ups a' : M( ^ M^.^ ^ ■ ■ ■ ^ M'^ = M , D\ on M^, and 
B>'\y^ = Byi^ with the desired properties. The relationship between M^, Y^, D 
and M(, Y^, D' is not clear. 

Remark 3.59 (Multicrossing vs simple normal crossing). In |Amll Sec- 
tion 2], Ambro discussed multicrossing singularities and multicrossing pairs. 
However, we think that simple normal crossing varieties and simple normal 
crossing divisors on them are sufficient for the later arguments in |Aml] . 
Therefore, we did not introduce the notion of multicrossing singularities and 
their simplicial resolutions. For the theory of quasi-log varieties, we may not 
even need the notion of simple normal crossing pairs. The notion of global 
embedded simple normal crossing pairs seems to be sufficient. 

3.2.7 A remark on the ambient space 

In this subsection, we make a remark on the ambient space M of a quasi-log 
resolution / : (Y, By) X in Definition ESHl 

The following lemma is essentially the same as Proposition 13.571 We 
repeat it here since it is important. The proof is obvious. 

Lemma 3.60. Let {Y, By) be a simple normal crossing pair. Let V be a 
smooth variety such that Y G V . Then we can construct a sequence of blow- 
ups 

Vk^Vk-i^ >Vo = V 

with the following properties. 
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(1) (Jj+i : Vi^i ^ Vi is the blow-up along a smooth irreducible component 
o/Supp-By. for any i >0, 

(2) we put Yq = Y , = By, and Yi+i is the strict transform of Yi for 
any i > 0, 

(3) we define Ky^^, + By^^^ = a*^^{Ky^ + ByJ for any i > 0, 

(4) there exists an W-divisor D on Vk such that D\y^ = By^, and 

(5) a,Oy,r-(5<i)^-L5>ij)~Oyr-(5<i)^-L5>ij), where a -.V,^ 
Vk-i-^ >Vo = V. 

When a simple normal crossing variety Y is quasi-projective, we can make 
a singular ambient space whose singular locus dose not contain any strata of 
Y. 

Lemma 3.61. Let Y he a simple normal crossing variety. Let V be a smooth 
quasi-projective variety such thatY C V . Let {Pi} be any finite set of closed 
points of Y . Then we can find a quasi-projecive variety W such that Y C 
W <ZV , dimW = dimF + 1, and W is smooth at Pi for any i. 

Proof. Let Xy be the defining ideal sheaf of y on V. Let H be an ample 
Cartier divisor. Then 1y®Oy{dH) is generated by global sections for c? ^ 0. 
We can further assume that 

H%V,Iy ® Ov{dH)) ^Xy® Ov{dH) ® Ov/m% 

is surjective for any i, where mp. is the maximal ideal corresponding to Pj. 
By taking a complete intersection of (dimV — dimy — 1) general members 
in i7°(V, Xy (g) OvidH)), we obtain a desired variety W. □ 

Of course, we can not always make W smooth in Lemma [3. 6 1[ 

Example 3.62. Let V C he the Segre embedding of x P^. In this 
case, there are no smooth hypersurfaces of containing V. We can check 
it as follows. If there exists a smooth hypersurface S such that V C S CF^, 
then p{V) = p{S) = p(P^) = 1 by the Lefschetz hyperplane theorem. It is a 
contradiction. 

By the above lemmas, we can prove the final lemma. 
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Lemma 3.63. Let (Y, By) be a simple normal crossing pair such that Y is 
quasi-projective. Then there exist a global embedded simple normal crossing 
pair [Z, Bz) and a morphism a : Z —^Y such that 

a,Oz{^-{Bfy - Li?>ij) ^ OY{^-{B<'y - ^B>'^). 

Proof. Let V he a smooth quasi-projective variety such that Y G V. By 
Lemma I3.60[ we can assume that there exists an M-divisor D on V such 
that D\y = By- Then we apply Lemma [3.611 We can find a quasi-projectie 
variety W such that Y G W G V , dim 14^ = dimy + 1, and W is smooth 
at the generic point of any stratum of {Y,By). Of course, we can make 
W ^ SuppD (see the proof of Lemma [3.611) . We apply Hironaka's resolution 
to W and use Szabo's resolution lemma. Then we obtain a desired global 
embedded simple normal crossing pair {Z,Bz)- □ 

Therefore, we obtain the following statement. 

Theorem 3.64. In Definition 13. 29[ it is sufficient to assume that {Y,By) is 
a simple normal crossing pair if Y is quasi-projective. 

We note that we have a natural quasi-projective ambient space M in 
almost all the applications of the theory of quasi- log varieties to log canonical 
pairs. Therefore, Definition 13.291 seems to be reasonable. 

We close this subsection with a remark on Chow's lemma. Proposition 
13.651 is a bottleneck to construct a good ambient space of a simple normal 
crossing pair. 

Proposition 3.65. There exists a complete simple normal crossing variety 

Y with the following property. If f : Z ^ Y is a proper surjective morphism 
from a simple normal crossing variety Z such that f is an isomorphism at 
the generic point of any stratum of Z , then Z is non-projective. 

Proof. We take a smooth complete non-projective toric variety X (cf. Ex- 
ample 11.141) . We put = X X . Then is a toric variety. We consider 

Y = V\T, where T is the big torus of V. We will see that Y has the desired 
property. By the above construction, there is an irreducible component Y' of 

Y that is isomorphic to X. Let Z' be the irreducible component of Z mapped 
onto Y' by /. So, it is sufficient to see that Z' is not projective. On Y' ^ X, 
there is an torus invariant effective one cycle C such that C is numerically 
trivial. By the construction and the assumption, g = f\z' '■ Z' Y' c:^ X is 
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birational and an isomorphism over the generic point of any torus invariant 
curve on y ^ X. We note that any torus invariant curve on y ^ X is a 
stratum of Y. We assume that Z' is projective, then there is a very ample 
effective divisor A on Z' such that A does not contain any irreducible compo- 
nents of the inverse image of C. Then B = f^,A is an effective Cartier divisor 
on y ^ X such that Suppi? contains no irreducible components of C. It is 
a contradiction because Supp-B fl C 7^ and C is numerically trivial. □ 

The phenomenon described in Proposition 13.651 is annoying when we treat 
non-normal varieties. 

3.3 Fundamental Theorems 

In this section, we will prove the fundamental theorems for quasi-log pairs. 
First, we prove the base point free theorem for quasi-log pairs in the sub- 
section 13.3. 1[ The reader can find that the notion of quasi-log pairs is very 
useful for inductive arguments. Next, we give a proof to the rationality the- 
orem for quasi-log pairs in the subsection 13.3.21 Our proof is essentially the 
same as the proof for kit pairs. In the subsection 13.3.31 we prove the cone 
theorem for quasi-log varieties. The cone and contraction theorems are the 
main results in this section. 

3.3.1 Base Point Free Theorem 

The next theorem is the main theorem of this subsection. It is ^Amll Theo- 
rem 5.1]. This formulation is useful for the inductive treatment of log canon- 
ical pairs. 

Theorem 3.66 (Base Point Free Theorem). Let [X,uj] be a quasi-log pair 
and let IT : X S be a projective morphism. Let L be a vr-ne/ Cartier divisor 
on X . Assume that 

(i) qL — uj is n-ample for some real number q > 0, and 

(ii) Ox_^{fnL) is 'n'\x_^-generated for m ^ 0. 

Then Ox{fnL) is n-generated for m ^ 0, that is, there exists a positive 
number mo such that Ox{fnL) is -generated for any m > mo. 

Proof. Without loss of generality, we can assume that 5* is affine. 
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Claim 1. Ox{fnL) is n-generated around Nqklt(X, cj) form ^ 0. 

We put X' = Nqklt(X, tu). Then [X'jCij'], where u' = uj\x', is a quasi-log 
pair by adjunction (see Theorem 13.391 (i)). If X' = X_oo, then Ox'{rnL) is 
TT-generated for m ^ by the assumption (ii). If X' ^ X_oo, then Ox'ijni^^ 
is TT-generated for m ^ by the induction on the dimension of X \ X_oo. By 
the following commutative diagram: 

7r*7r,Ox(mL) Tx*Tx,Ox'{mL) 

Ox{mL) Ox'{mL) 0, 

we know that Ox{fnL) is vr-generated around X' for m ^ 0. 

Claim 2. Ox{fnL) is ir-generated on a non-empty Zariski open set form ^ 
0. 

By Claim [H we can assume that Nqklt(X, cj) is empty. We will see that 
we can also assume that X is irreducible. Let X' be an irreducible component 
of X. Then X' with u' = lj\x' has a natural quasi-log structure induced by 
[X, cu] by adjunction (see Corollary 13.411) . By the vanishing theorem (see 
Theorem 13.391 (ii)), we have R^Tr^(2x' ® Ox[rnL)) = for any m > q. We 
consider the following commutative diagram. 

7r*n,Ox {niL) it*ii.Ox' {niL) ^ 

" 

Ox (mL) Ox' (mL) 

Since a is surjective for m > g, we can assume that X is irreducible when 
we prove this claim. 

If L is TT- numerically trivial, then 71^,0 x{L) is not zero. It is because 
h^iX,,Ox,iL)) = x{X,,OxSL)) = xiX,,OxJ = h\X^,Ox„) > by 
Theorem 13.391 (ii) and by [Kll Chapter II §2 Theorem 1], where X^ is the 
generic fiber of tt : X — »• 5*. Let D be a general member of \L\. Let 
/ : {Y, By) — > X be a quasi-log resolution. By blowing up M, we can 
assume that {Y, By + f*D) is a global embedded simple normal crossing pair 
by Proposition 13.541 We note that any stratum of {Y, By) is mapped onto 
X by the assumption. We can take a positive real number c < 1 such that 
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By + cf*D is a subboundary and some stratum of {Y, By + cf*D) does not 
dominate X. Note that /,Cy(^-(S<^)"^) ~ Ox- Then the pair [X,uj + cD] 
is qlc and / : {Y, By + cf*D) — > X is a quasi-log resolution. We note that 
qL — {uj + cD) is vr-ample. By Claim [H Ox{itlL) is vr-generated around 
Nqklt(X, LJ + cD) for m 0. So, we can assume that L is not vr-numerically 
trivial. 

Let X G X be a general smooth point. Then we can take an M-divisor D 
such that m\AtxD > dimX and that D ~ir (g + r)L — u for some r > (see 
p^Ml 3.5 Step 2]). By blowing up M, we can assume that {Y,By + f*D) 
is a global embedded simple normal crossing pair by Proposition 13.541 By 
the construction of Z^, we can find a positive real number c < 1 such that 
By + cf*D is a subboundary and some stratum of (F, By + cf*D) does not 
dominate X. Note that f^Oy{^-{B<^y) ~ Ox- Then the pair [X,uj + cD] 
is qlc and / : {Y, By + cf*D) ^ X is a quasi-log resolution. We note that 
q'L — {u + cD) is vr-ample by c < 1, where q' = q + cr. By the construction, 
Nqklt(X, uj+cD) is non-empty. Therefore, by applying Claim[T]to [X, u+cD], 
Ox{fnL) is TT-generated around Nqklt(X, + cD) for m ^ 0. So, we finish 
the proof of Claim [2J 

Let p be a prime number and let I be a large integer. Then tt^,Ox{p''L) ^ 
by Claim [2] and Ox{p''L) is vr-generated around Nqklt(X, u;) by Claim [H 

Claim 3. If the relative base locus Bs^|p'L| {with reduced scheme structure) 
is not empty, then Bs^|p'L| is not contained in Bs^|p' L\ for V ^ I. 

Let / : (F, By) ^ X be a quasi-log resolution. We take a general 
member D G \p^L\. We note that S is affine and \p^L\ is free around 
Nqklt(X, cij). Thus, f*D intersects any strata of (F, Supply) transversally 
over X \ BsttIp'-Z^I by Bertini and f*D contains no strata of (Y, By). By tak- 
ing blow-ups of M suitably, we can assume that (F, By + f*D) is a global 
embedded simple normal crossing pair. See the proofs of Propositions 13.541 
and 13.501 We take the maximal positive real number c such that By + cf*D 
is a subboundary over X \ X_oo- We note that c < 1. Here, we used 
Ox ^ f,Oy{^~{B<^)^) over X \ X.^^- Then / : (F, By + cf*D) ^ X is a 
quasi-log resolution of [X, u' = u + cD] . Note that [X, uj'] has a qlc center 
C that intersects Bs7r|p'lv| by the construction. By the induction, Oc{mL) 
is TT-generated for m ^ since {q + cp^)L — {uj + cD) is vr-ample. We can lift 
the sections of Oc{mL) to X for m > g + cp' by Theorem 13.391 (ii). Then 
we obtain that Ox{itiL) is vr-generated around C for m ^ 0. Therefore, 
BsttIp' L\ is strictly smaller than Bs^rl^'Ll for /' ^ /. 
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Claim 4. OxifnL) is Tc-generated for m ^ 0. 

By Claim [3] and the noetherian induction, Oxip^L) and Oxip'^ L) are tc- 
generated for large / and where p and p' are prime numbers and they are 
relatively prime. So, there exists a positive number mo such that Ox{fnL) 
is TT-generated for any m > mg. □ 

The next corollary is a special case of Theorem 13.661 

Corollary 3.67 (Base Point Free Theorem for Ic pairs). Let {X, B) be an Ic 

pair and let n : X ^ S be a projective morphism. Let L be a n-nef C artier 
divisor on X . Assume that qL — {Kx + B) is tc -ample for some positive real 
number q. Then Ox{fnL) is ir-generated for m ^ 0. 

3.3.2 Rationality Theorem 

In this subsection, we prove the following rationality theorem (cf. |Amll 
Theorem 5.9]). 

Theorem 3.68 (Rationality Theorem). Assume that [X,uj] is a quasi-log 
pair such that u is Q-Cartier. We note that this means u is M.-linearly 
equivalent to a Q-Cartier divisor on X {see Remark l3.30p . Let it : X ^ S be 
a projective morphism and let H be a ix-ample Cartier divisor on X . Assume 
that r is a positive number such that 

(1) H + ruj is n-nef but not ir-ample, and 

(2) {H + ruj)\x_^ is 7i\x_^-ample. 

Then r is a rational number, and in reduced form, r has denominator at most 
a(dimX + 1), where auj is ^.-linearly equivalent to a Cartier divisor on X . 

Before we go to the proof, we recall the following lemmas. 

Lemma 3.69 (cf. Lemma 3.19]). Let P{x,y) be a non-trivial poly- 

nomial of degree < n and assume that P vanishes for all sufficiently large 
integral solutions of < ay — rx < e for some fixed positive integer a and 
positive 6 for some r G M. Then r is rational, and in reduced form, r has 
denominator < a{n + l)/e. 

For the proof, see [KMl Lemma 3.19]. 
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Lemma 3.70 (cf. \KM\ 3.4 Step 2]). Let [Y,uj] be a projective qlc pair and 
let {Di} be a finite collection of Cartier divisors. Consider the Hilbert poly- 
nomial 

k 

1=1 

Suppose that for some values of the Ui, Yl!i=i ^iDi is nef and ^jLj^ UiDi — uj 
is ample. Then P{ui, ■ ■ ■ ,Uk) is not identically zero by the base point free 
theorem for qlc pairs {see Theorem I3.66P and the vanishing theorem {see 
Theorem 13.391 (ii)). and its degree is < dimY . 

Note that the arguments in \KM\ 3.4 Step 2] work for our setting. 

Proof of Theorem 13.681 By using mH with various large m in place of H, 
we can assume that H is very ample over S (cf. |KMt 3.4 Step 1]). For each 
{p, q) G Z^, let q) denote the relative base locus of the linear system 
M{p,q) on X (with reduced scheme structure), that is, 

L{p,q) = Supp(Coker(7r*7r,Ox(M(p,g)) Ox{M{p,q)))), 

where M{p, q) = pH + gZ), where D is a. Cartier divisor such that D ~k cujJ- 
By the definition, L{p, g) = X if and only if Ti^Ox{M{p, q)) = 0. 

Claim 1 (cf. |KMt Claim 3.20]). Let e be a positive number. For {p,q) 
sufficiently large and < aq — rp < e, L{p,q) is the same subset of X . We 
call this subset Lq. We let L dT? be the set of{p, q) for which < aq — rp < 1 
and L{p,q) = Lq. We note that L contains all sufficiently large {p,q) with 
< aq — rp < 1 . 

For the proof, see |KMt Claim 3.20]. See also the proof of Claim [2] below. 
Claim 2. We have Lq n X^^ = 0. 

Proof of Claim [2l We take (a, (3) G such that a > 0, /5 > 0, and (3a/ a > r 
is sufficiently close to r. Then {aH + Pauj)\x_^ is 7i\x_^-s^^P^e because 
{H + ra;)|x_oo is 7r|x_^-ample. If < aq — rp < 1 and {p,q) G is 
sufficiently large, then M{p,q) = mM{a,P) + {M{p,q) — mM{a, (3)) such 
that M{p,q) — mM{a,(3) is vr-very ample and that m{aH + l3D)\x_^ is 
also vr|x_oo-very ample. Therefore, Ox_^{M{p,q)) is vr-very ample. Since 
Ti^Ox{M{p,q)) — *• 'n^Ox_^{M{p,q)) is surjective by the vanishing theorem 
(see Theorem 13.391 (ii)), L{p,q) fl X^^o = 0- We note that M{p,q) — u is 
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vr-ample because {p, q) is sufficiently large and aq ~ rp < 1. By Claim [T], we 
have Lo n = 0. □ 



Claim 3. We assume that r is not rational or that r is rational and has 
denominator > a{n + 1) in reduced form, where n = dimX. Then, for [p, q) 
sufficiently large and < aq — rp < 1, Ox{M{p,q)) is Tc-generated at the 
generic point of any qlc center of [X, u] . 

Proof of Claim [31 We note that M{p, q) —oj ~]r pH+ {qa — l)uj. If aq—rp < 1 
and (p, q) is sufficiently large, then M(p, g) — is vr-ample. Let C be a qlc 
center of [X, uj] . We note that we can assume C fl = by Claim [2l 

Then Pcr,iP, q) = x{Crj, Oc^{M{p, q))) is a non-zero polynomial of degree at 
most dimC,, < dimX by Lemma 13.701 (see also Lemma l3.35p . Note that 
is the generic fiber of C ^ 7r(C). By Lemma r3.69[ there exists {p,q) 
such that Pc^ {p, q) and that {p, q) sufficiently large and Q < aq — rp < 
1. By the vr-ampleness of M(p, g) - Pc^{p,q) = xiCr„Oc^{M{p,q))) = 
h\Crj, Oc,{M{p, q))) and 7r,Ox{M{p, q)) 7i,Oc{M{p, q)) is surjective. We 
note that C = C U X_oo has a natural quasi-log structure induced by [X, u] 
and that CflX^oo = 0- Therefore, Ox{M{p, q)) is vr-generated at the generic 
point of C. By combining this with Claim [1], Ox{M{p,q)) is vr-generated at 
the generic point of any qlc center of [X, uo\ if (p, q) is sufficiently large with 
< ag — rp < 1. So, we obtain Claim [2l □ 

Note that Ox{M{p,q)) is not vr-generated for (p, g) G / because M{p,q) 
is not vr-nef. Therefore, Lq 7^ 0. We shrink S to an affine open subset inter- 
secting vr(Lo). Let Di, ■ ■ ■ , Dn+i be general members of vr*(9x(^(po5 Qo)) = 
H'^{X,Ox{M{po,qo))) with {po,qo) £ I- Around the generic point of any 
irreducible component of Lq, by taking general hyperplane cuts and apply- 
ing Lemma 13.711 below, we can check that uj + J2i=i not qlc at the 
generic point of any irreducible component of Lq. Thus, uj + Yli=i 
not qlc at the generic point of any irreducible component of Lq and is qlc 
outside Lq U X_oo. Let < c < 1 be the maximal real number such that 
UJ + cY^^=i Di is qlc outside X_oo- Note that c > by Claim [31 Thus, the 
quasi-log pair [X,uj + cY^^=i D^] has some qlc centers contained in Lq. Let 
C be a qlc center contained in Lq. We note that C fl X_oo = 0. We consider 




i=l 
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Thus we have 



pH + qauj - J ~K (p - c(n + l)po)H + {qa - (1 + c{n + l)qoa))uj. 

If p and g are large enough and < aq — rp < ago — rpQ, then pi/ + qau — uo' 
is TT-ample. It is because 

[p - c{n + l)po)H + (ga - (1 + c{n + l)goa))cL; 

= (p - (1 + c(n + l))po)-f^ + (go - (1 + c{n + l))goa)co' + poH + (goa - l)ci;. 

Suppose that r is not rational. There must be arbitrarily large {p, q) 
such that Q < aq — rp < e = aqo — rpo and H^{Cr,,Oc^{M{p,q))) 7^ by 
Lemma r3.69[ It is because M{p, q) —uj' is vr-ample by < aq — rp < aqo — rpo, 
Pcr,{Py q) = x{Cn, Oc,^{M{p, g))) is a non-trivial polynomial of degree at most 
dimC, by Lemma [32QI and x(C„ Oc,{M{p, g))) = h%Cr,, Oc,{M{p, g))) by 
the ampleness of M{p, q) — uj' . By the vanishing theorem, 7T^Ox{M{p, g)) —>■ 
Ti^Oc{M{p,q)) is surjective because M{p,q) — oj' is vr-ample. We note that 
C = C U X_oo has a natural quasi-log structure induced by [X, oj'] and that 
C n X_oo = 0- Thus C is not contained in L{p,q). Therefore, L{p,q) is a 
proper subset of L{pq, go) = Lq, giving the desired contradiction. So now we 
know that r is rational. 

We next suppose that the assertion of the theorem concerning the de- 
nominator of r is false. Choose {po, go) G / such that ago — rpo is the 
maximum, say it is equal to d/v. If < aq — rp < d/v and (p, g) is 
sufficiently large, then x(Cr„ Cc,(M(p, g))) = /^^(C^, Oc.^(M(p, g))) since 
M{p, q) — uj' is TT-ample. There exists sufficiently large (p, g) in the strip 
< ag — rp < 1 with e = 1 for which h^{Crj, Oc^{M{j), g))) 7^ by Lemma 
I3.69[ Note that aq — rp < d / v = aqo — rpo holds automatically for (p, g) G /. 
Since n^Ox{M{p,q)) — > 7i^Oc{M(j),q)) is surjective by the vr-ampleness of 
M(p, g) —u', we obtain the desired contradiction by the same reason as above. 
So, we finish the proof of the rationality theorem. □ 

We used the following lemma in the proof of Theorem 13.681 

Lemma 3.71. Let [X,uj] be a qlc pair and x G X a closed point. Let 
Di, - ■ ■ , be effective Cartier divisors passing through x. If [X, uj+Y^^Li ^i] 
is qlc, then m < dimX. 

Proof. First, we assume dimX = 1. If x G X is a qlc center of [X, u], then m 
must be zero. So, we can assume that a; G X is not a qlc center of [X, u]. Let 
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/ : {Y, By) X he a quasi-log resolution of [X, cj]. By shrinking X around 
X, we can assume that any stratum of Y dominates X and that X is smooth 
by Proposition 13.441 Since /^CyC"— (5^^)"') ^ Ox, we can easily check that 
m < 1 = dimX. In general, [X,uj + Di] is qlc. Let V be the union of qlc 
centers of [X,uj + Di] contained in Suppi^i. Then both [V, {uj + -Di)|v] and 
[V, {uj + Di)\y + ^i\v] are qlc by adjunction. By the induction on the 
dimension, m — 1 < dim\^. Therefore, we obtain m < dimX. □ 

3.3.3 Cone Theorem 

The main theorem of this subsection is the cone theorem for quasi-log vari- 
eties (cf. |Amll Theorem 5.10]). Before we state the main theorem, let us fix 
the notation. 

Definition 3.72. Let [X, uj] be a quasi-log pair with the non-qlc locus X^oo- 
Let TT : X —>■ S he a projective morphism. We put 

NE{X/S).oo = lm(NE{X^^/S) WEiX/S)). 
For an R-Cartier divisor D, we define 

D>o = {ze m{X/S) \ D-z>0}. 
Similarly, we can define -D>o, -D<o, and D^q. We also define 

D^ = {ze Ni{X/S) \ D-z = 0}. 
We use the following notation 

NE{X/S)d>o = NE{X/S) n Z}>o, 
and similarly for > 0, < 0, and < 0. 

Definition 3.73. An extremal face of NE{X/S) is a non-zero subcone F C 
NE{X/S) such that z,z' e F and z + z' e F imply that z, z' G F. Equiv- 
alently, F = NE{X/S) fl H-^ for some vr-nef M-divisor H, which is called 
a supporting function of F. An extremal ray is a one-dimensional extremal 
face. 

(1) An extremal face F is called u-negative if F fl NE{X/ S)>q = {0}. 
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(2) An extremal face F is called rational if we can choose a vr-nef Q-divisor 
if as a support function of F. 

(3) An extremal face F is called relatively ample at infinity ii Fr\NE{X/ S)-oo = 
{0}. Equivalently, H\x_^ is 7r|x_oo-ample for any supporting function 

H of F. 

(4) An extremal face F is called contractible at infinity if it has a rational 
supporting function H such that H\x_^ is 7r|x_oo-semi-ample. 

The following theorem is a direct consequence of Theorem I3.66[ 

Theorem 3.74 (Contraction Theorem). Let [X, uj] be a quasi-log pair and let 
7T : X ^ S be a projective morphism. Let H be a n-nef Cartier divisor such 
that F = H-^ n NE{X/S) is uj-negative and contractible at infinity. Then 
there exists a projective morphism ifp : X Y over S with the following 
properties. 

(1) Let C be an integral curve on X such that 71(0) is a point. Then ipp{C) 
is a point if and only if [C] E F. 

(2) OyC^{^F).Ox. 

(3) Let L be a line bundle on X such that L - C = for every curve C with 
[C] E F. Then there is a line bundle Ly on Y such that L ~ (f*pLY. 

Proof. By the assumption, qH — uo is vr-ample for some positive integer q and 
H\x-aa is vr I semi- ample. By Theorem I3.66[ Ox{fnH) is vr-generated for 
m 3> 0. We take the Stein factorization of the associated morphism. Then, 
we have the contraction morphism (pp : X — > F with the properties (1) and 

(2). __ 

We consider ipp ■ X ^ Y and NE{X/Y). Then NE{X/Y) = F, L is 
numerically trivial over Y, and —u is <^F-ample. Applying the base point 
free theorem (cf. Theorem I3.66P over Y, both L®™ and L^^'^+i) are pull- 
backs of line bundles on Y. Their difference gives a line bundle Ly such that 
L ~ (p*pLy. □ 

Theorem 3.75 (Cone Theorem). Let [X,uj] be a quasi-log pair and let vr : 
X S be a projective morphism. Then we have the following properties. 
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(1) NE{X/S) = NE{X/S)^>o + NE{X/S)^^ + E ^i. ^^ere Rj 's are the 
uj-negative extremal rays of NE{X/S) that are rational and relatively 
ample at infinity. In particular, each Rj is spanned by an integral curve 
Cj on X such that 7r(Cj) is a point. 

(2) Let H be a tt -ample M.-divisor on X . Then there are only finitely many 
Rj 's included in {uj + if)<o- In particular, the Rj 's are discrete in the 
half-space uj^^q. 

(3) Let F be an co-negative extremal face of NE{X/ S) that is relatively 
ample at infinity. Then F is a rational face. In particular, F is con- 
tractible at infinity. 

Proof. First, we assume that u is Q-Cartier. This means that u is M-hnearly 
equivalent to a Q-Cartier divisor. We can assume that dimnj A^i {X/ S) > 2 
and u is not vr-nef. Otherwise, the theorem is obvious. 

Step 1. We have 

NE{X/S) = NE{X/S)^>o + NE{X/S)^^ + 5Z ^' 

F 

where F's vary among all rational proper cu-negative faces that are relatively 
ample at infinity and denotes the closure with respect to the real topol- 
ogy- 

Proof. We put 

B = NE{X/S)^>o + NE{X/S)_^ + I] ^- 

F 

It is clear that NE{X/S) D B. We note that each F is spanned by curves on 
X mapped to points on S by Theorem 13.741 (1). Supposing NE{X/S) ^ B, 
we shall derive a contradiction. There is a separating function M which is 
Cartier and is not a multiple of u in N^{X/S) such that M > on i?\{0} and 
M-zo < for some zq e J^E{X/S). Let C be the dual cone of J^E{X/S)^>o, 
that is, 

C = {De N\X/S) \ D-z>OhT ze WE{X/S)^>o}. 

Then C is generated by vr-nef divisors and u. Since M > on NE{X/ S)uj>o\ 
{0}, M is in the interior of C, and hence there exists a vr-ample Q-Cartier 
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divisor A such that M — A = L' + pu in N^{X/S), where L' is a vr-nef Q- 
Cartier divisor on X and p is a non-negative rational number. Therefore, M 
is expressed in the form M = H + pu in N^{X/S), where if = A + L' is a Tr- 
ample Q-Cartier divisor. The rationality theorem (see Theorem 13.681) implies 
that there exists a positive rational number r < p such that L = H + ruj 
is TT-nef but not vr-ample, and L\x_^ is 7r|x_oo-ample. Note that L 7^ 
in N'^{X/S), since M is not a multiple of uj. Thus the extremal face 
associated to the supporting function L is contained in 5, which implies 
M > on Fl. Therefore, p < r. It is a contradiction. This completes the 
proof of our first claim. □ 

Step 2. In the equality of Step[Tl we may take such L that has the extremal 
face Fl of dimension one. 

Proof. Let F be a rational proper cu-negative extremal face that is relatively 
ample at infinity, and assume that dimF > 2. Let ifp '■ X ^ W he the 
associated contraction. Note that —u is (pp-ample. By SteplH we obtain 

F = WE{X/W) = 

G 

where the G's are the rational proper a;- negative extremal faces of NE{X/W). 
We note that 'NE{X/W)-oo = because (fp embeds X_^ into W. The G's 
are also cu-negative extremal faces of NE{X/S) that are ample at infinity, 
and dimG < dimF. By induction, we obtain 

NEiX/S) = NE{X/S)^>o + NEiX/S).^ + JZ^j', (3-1) 

where the R/s are cj-negative rational extremal rays. Note that each Rj does 
not intersect WE{X/S)-oc- □ 

Step 3. The contraction theorem (cf. Theorem I3.74p guarantees that for 
each extremal ray Rj there exists a reduced irreducible curve Cj on X such 
that [Cj] G Rj. Let ipj : X ^ Wj be the contraction morphism of Rj, and 
let A be a vr-ample Cartier divisor. We set 

- 

Then A + VjUJ is ^/'j-nef but not tpj-ample, and {A + rjUj)\x_^ is ipjlx.^- sample. 
By the rationality theorem (see Theorem I3.68p . expressing Vj = Uj/vj with 
Uj, Vj G Z>o and {uj, Vj) = 1, we have the inequality Vj < a(dimX + 1). 
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Step 4. Now take vr-ample Cartier divisors Hi,H2,-- - ,Hp„i such that u 
and the ifj's form a basis of N^{X/S), where p = diniR A^^(X/S'). By Step 
[3|, the intersection of the extremal rays Rj with the hyperplane 

{z G Ni{X/S) \auj-z = -l} 

in A^i {X/ S) lie on the lattice 

A = {ze Ni{X/S) \ auj-z = -l,Hi-ze (a(a(dimX + 1))!)-^Z}. 

This implies that the extremal rays are discrete in the half space 

{zeNi{X/S) \uj-z <0}. 

Thus we can omit the closure sign from the formula (13.11) and this 
completes the proof of (1) when uj is Q-Cartier. 

Step 5. Let i7 be a vr-ample M-divisor on X. We choose < <^ 1 for 
1 < ^ < P — 1 such that H — X]i'=i ^iHi is vr-ample. Then the R/s included 
in [u + i/)<o correspond to some elements of the above lattice A for which 
YHiZi^iHi ■ z <l/a. Therefore, we obtain (2). 

Step 6. The vector space V = C N'^{X/S) is defined over Q because F 
is generated by some of the -R/s. There exists a vr-ample M-divisor H such 
that F is contained in (a; + H)^q. Let (F) be the vector space spanned by 
F. We put 

Wf = NE{X/S)^+H>o + NE{X/S)-^ + 

Then Wf is a closed cone, WE{X/S) = Wf + F, and Wf n (F) = {0}. The 
supporting functions of F are the elements of V that are positive on P1/i7\{0}. 
This is a non-empty open set and thus it contains a rational element that, 
after scaling, gives a vr-nef Cartier divisor L such that F = L-*- fl NE[X/ S). 
Therefore, F is rational. So, we have (3). 

From now on, uo is M-Cartier. 

Step 7. Let be a vr-ample M-divisor on X. We shall prove (2). We assume 
that there are infinitely many i^^'s in [uj + i/)<o and get a contradiction. 
There exists an affine open subset U oi S such that N E {tc^^ (U) / U) has 
infinitely many {u + iJ)-negative extremal rays. So, we shrink S and can 
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assume that S is affine. We can write H = E + H', where H' is vr-ample, 
[X, uj + E] is a quasi-log pair with the same qlc centers and non-qlc locus as 
[X, uj], and uj + E is Q-Cartier. Since uj + H = uj + E + H', we have 

NE{X/S) = NE{X/S)^+H>o + NEiX/S).oo + ^i- 

finite 

It is a contradiction. Thus, we obtain (2). The statement (1) is a direct 
consequence of (2). Of course, (3) holds by Step [6] once we obtain (1). 

So, we finish the proof of the cone theorem. □ 

We close this subsection with the following non-trivial example. 

Example 3.76. We consider the first projection p : x — » P^. We take a 
blow-up yU : Z ^ P^ xP^ at (0, oo). Let (resp. Aq) be the strict transform 
of Pi X {oo} (resp. P^ x {0}) on Z. We define M = Fz{Oz ®Oz{Ao)) and X 
is the restriction of M on (p o /i)~^(0). Then X is a simple normal crossing 
divisor on M. More explicitly, X is a P^-bundle over {p o yu)~^(0) and is 
obtained by gluing Xi = P^ x P^ and X2 = Ppi(Opi © Cpi(l)) along a fiber. 
In particular, [X, Kx] is a quasi-log pair with only qlc singularities. By the 
construction, M ^ Z has two sections. Let (resp. D~) be the restriction 
of the section oi M ^ Z corresponding to Oz © Cz(^o) ^ C'z(^o) ^ 
(resp. Oz © Oz{Aq) — > Oz 0). Then it is easy to see that is a nef 
Cartier divisor on X and that the linear system ImZ}"*"! is free for any m > 
by Remark 13.771 below. We take a general member Bq G |mD"^| with m > 2. 
We consider Kx + B with B = D~ + Bq + Bi + B2, where Bi and B2 are 
general fibers of Xi = P^ x P^ C X. We note that Bq does not intersect 
D~. Then (X, B) is an embedded simple normal crossing pair. In particular, 
[X, Kx + -B] is a quasi-log pair with X_oo = 0- It is easy to see that there 
exists only one integral curve C on X2 = Ppi(Cpi © Opi(l)) C X such that 
C ■ {Kx + B) < 0. Note that {Kx + B)\x, is ample on Xi. By the cone 
theorem, we obtain 

m{X) = 'NE{X)(K^+B)>^ + K>o[C]. 

By the contraction theorem, we have ip : X ^ W which contracts C . We 
can easily see that is a simple normal crossing surface but Kw + Bw, 
where By/ = ip^:B, is not Q-Cartier. Therefore, we can not run the LMMP 
for reducible varieties. 
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The above example implies that the cone and contraction theorems for 
quasi-log varieties do not directly produce the LMMP for quasi-log varieties. 

Remark 3.77. In Example 13.761 M is a projective toric variety. Let E be 
the section of M Z corresponding to Oz®Oz{Ao) Oz{Aq) 0. Then, 
it is easy to see that E is a. nef Cartier divisor on M. Therefore, the linear 
system \E\ is free. In particular, \D^\ is free on X. Note that = E\x- 
So, \mD^\ is free for any m > 0. 
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Chapter 4 
Related Topics 



In this chapter, we treat related topics. In Section 14.11 we discuss the base 
point free theorem of Reid-Fukuda type. In Section 14.21 we prove that the 
non-kit locus of a dlt pair is Cohen-Macaulay as an application of Lemma 
12.331 Section 14.31 is a description of Alexeev's criterion for Serre's 5*3 con- 
dition. It is a clever application of Theorem 12.391 (i). Section 14.41 is an 
introduction to the theory of toric polyhedra. A toric polyhedron has a nat- 
ural quasi-log structure. In Section 14.51 we quickly explain the notion of 
non-lc ideal sheaves and the restriction theorem in |F15] . It is related to 
the inversion of adjunction on log canonicity. In the final section, we state 
effective base point free theorems for log canonical pairs. We give no proofs 
there. 



4.1 Base Point Free Theorem of Reid— Fukuda 
type 

One of my motivations to study |Aml] is to understand |Amlt Theorem 7.2], 
which is a complete generalization of |F2] . The following theorem is a special 
case of Theorem 7.2 in |Amlj . which was stated without proof. Here, we will 
reduce it to Theorem 13.661 by using Kodaira's lemma. 

Theorem 4.1 (Base point free theorem of Reid-Fukuda type). Let [X, uo] he 
a quasi-log pair with = 0, vr : X — a projective morphism, and L 

a TT-nef Cartier divisor on X such that qL — uj is nef and log big over S for 
some positive real number q. Then Ox{fnL) is it -generated for m ^ 0. 
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Remark 4.2. In |Amlt Section 7], Ambro said that the proof of [Amll 
Theorem 7.2] is parallel to [Amll Theorem 5.1]. However, I could not check 
it. Steps 1, 2, and 4 in the proof of j Amll Theorem 5.1] work without any 
modifications. In Step 3 (see Claim [3] in the proof of Theorem 13. 66p . q'L — uj' 
is TT-nef, but I think that q'L — uj' = qL — u is not always log big over S 
with respect to [X, a;'], where u' = u + cD and q' = q + cpK So, we can not 
directly apply the argument in Step 1 (see Claim [T] in the proof of Theorem 
I3.66P to this new quasi-log pair [X, u'] . 

Proof. We divide the proof into three steps. 

Step 1. We take an irreducible component X' of X. Then X' has a natural 
quasi-log structure induced by X (see Theorem 13.391 (i)). By the vanishing 
theorem (see Theorem l3.39l (ii)). we have R^n^lIx'^OxiiTiL)) = for m > g. 
Therefore, we obtain that n^^OxijnL) — > -K^^Ox'ijnL) is surjective for m> q. 
Thus, we can assume that X is irreducible for the proof of this theorem by 
the following commutative diagram. 

7r*7r*Ox(mL) > 7i*7T^Ox'{mL) > 

Ox{mL) > Ox'{mL) > 

Step 2. Without loss of generality, we can assume that S is affine. Since 
qL — uj is nef and big over S, we can write qL — uj ~]r A + E hy Kodaira's 
lemma, where A is a vr-ample Q-Cartier Q-divisor on X and E is an effective 
M-Cartier R-divisor on X. We note that X is projective over S and that X 
is not necessarily normal. By Lemma 14.31 below, we have a new quasi-log 
structure on [X, cD], where uj = uj + eE, for < £ ^ 1. 

Step 3. By the induction on the dimension, CNqkit(x,a;) (^-^) is vr-generated 
for m ^ 0. Note that 7i^Ox{rnL) vr^,CNqkit(x,(^)("^-^) is surjective for m > 
q by the vanishing theorem (see Theorem 13.391 (ii)). Then CNqkit(x,i:D)("^-^) 
is TT-generated for m ^ by the above lifting result and by Lemma 14.31 In 
particular, 0^_^{mL) is vr-generated for m 0. We note that qL — uj ~]r 
(1 — e){qL — uj) + eA is vr-ample. Therefore, by Theorem 13.661 we obtain that 
OxijnL) is TT-generated for m ^ 0. 

We finish the proof. □ 
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Lemma 4.3. Let [X,uj] be a quasi-log pair with = 0. Let E be an 

effective "K-Cartier M.-divisor on X . Then [X^uo + eE] is a quasi-log pair with 
the following properties for < £ ^ 1 . 

(i) We put [X, uj] = [X, uj + eE\ . Then [X, ui] is a quasi-log pair and 
Nqklt(X, cD) = Nqklt(X, cij) as closed subsets of X . 

(ii) There exist natural surjective homomorphisms 0^c^]dt{xfi) C'Nqkit(x,(^) • 
and 0^ci\d\.{xfi) — > ^x.^ ~^ ^' ^^^^ ^■^^ Nqklt(X, tu) and X^^o are 
closed subschemes o/ Nqklt(X, cD), where X_oo is the non-qlc locus of 
[X,u]. 

Proof. Let / : {Y, By) — > X be a quasi-log resolution of [X, u], where (Y, By) 
is a global embedded simple normal crossing pair. We can assume that the 
union of all strata of {Y,By) mapped into Nqklt(X, u;), which we denote by 
Y', is a union of irreducible components of F. We put Y" = Y — Y' . Then we 
obtain that f^^Oy^A — Y'\yii) is T^cik\t{x,ijj), that is, the defining ideal sheaf 
of Nqklt(X, uj) on X, where A = (i?y^)~'. For the details, see the proof of 
Theorem 13.391 (i). Let M be the ambient space of Y and By = D\y- 

Claim. By modifying M birationally, we can assume that there exists a sim- 
ple normal crossing divisor F on M such that Supp(y -\- D + F) is simple 
normal crossing, F and Y" have no common irreducible components, and 
F\y" = {f")*E, where f" = /|y". Of course, {f")*E + By" has a simple 
normal crossing support on Y" , where Ky" + -By = {Ky + By)\y"- In 
general, F may have common irreducible components with D and Y' . 

Proof of Claim. First, we note that {f")*E contains no strata of Y". We can 
construct a proper birational morphism h : M ^ M from a smooth variety 
M such that Kj^ + Dj^ = h*{KM + Y + D), h-^{{f")*E) is a divisor on M, 
and Exc{h) U Snpph~^{Y + D)U h^^{{f")*E) is a simple normal crossing on 
M as in the proof of Proposition I3.54[ We note that we can assume that h is 
an isomorphism outside h~^{{f")*E) by Szabo's resolution lemma. Let Y be 
the union of the irreducible components of D~ that are mapped into Y. By 

Proposition 13. 50^ we can replace M, Y, and D with M, Y, and D = Dj^ — Y. 
We finish the proof. □ 

Let us go back to the proof of Lemma 14.31 Let Y2 be the union of all the 
irreducible components of Y that are contained in SuppF. We put Yi = Y — 
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Y2 and B = F|y-^. We consider /i : (Fi, By^+sB) X for < e < 1, where 
Ky,+By, = {Ky+By)\y, and /i = /|y,. Then, we have /^{uj+eE) ~m + 
By.+eB. Moreover, the natural inclusion Ox_^ /i,Cy,(^-((5y^+eS)<i)^) 
defines an ideal = /i,C»y, (^-((5y, + £5)<i)^ - L(5y, + £5)>ij). It is 

because 

fl.OYA^-{iBY,+eB)<'y - L(i?y, +£S)>lj) C /,0y(^-(Sy)<l^) ^ 0^ 

when < e -C 1. We note that L(-By^ + eB)^^_i > Y2\yi- Namely, the pair 
[X,u] has a quasi-log structure with a quasi-log resolution /i : (Yi,_Byj + 
eB) X. By the construction and the definition, it is obvious that there ex- 
ist surjective homomorphisms O^q^utixfi) ^ C'Nqkitcx,.^) and Oj^qMt{x,Z) ^ 
— 0. It is not difficult to see that Nqklt(X, u) = Nqklt(X, u) as closed 
subsets of X for < e ^ 1. We finish the proof. □ 

As a special case, we obtain the following base point free theorem of 
Reid-Fukuda type for log canonical pairs. 

Theorem 4.4. (Base point free theorem of Reid-Fukuda type for Ic pairs). 

Let (X, B) be an Ic pair. Let L be a n-nef Cartier divisor on X , where 
7c : X S is a projective morphism. Assume that qL — {Kx + B) is n-nef 
and 'K-log big for some positive real number q. Then Ox{fnL) is it -generated 
for m ^ 0. 

We believe that the above theorem holds under the assumption that vr is 
only proper. However, our proof needs projectivity of vr. 

Remark 4.5. In Theorem 14.41 if Nklt(X, i?) is projective over S, then we 
can prove Theorem 14.41 under the weaker assumption that vr : X ^ S* is only 
proper. It is because we can apply Theorem 14.11 to Nklt(X, i?). So, we can 
assume that Oxi^nL) is vr-generated on a non-empty open subset containing 
Nklt(X, 5). In this case, we can prove Theorem 14.41 by applying the usual 
X- method to L on (X, B). We note that Nklt(X, B) is always projective over 
S when dimNklt(X, B) < 1. The reader can find a different proof in |Fklj 
when (X, B) is a log canonical surface, where Fukuda used the LMMP with 
scaling for dlt surfaces. 

Finally, we explain the reason why we assumed that X^^o = and vr is 
projective in Theorem 14. 1[ 
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Remark 4.6 (Why is empty?). Let C be a qlc center of [X, t^;]. Then 
we have to consider a quasi-log variety X' = C U X_oo for the inductive 
arguments. In general, X' is reducible. It sometimes happens that dimC < 
dimX_oo- We do not know how to apply Kodaira's lemma to reducible 
varieties. So, we assume that X_oo = in Theorem 14. 1[ 

Remark 4.7 (Why vr is projective?). We assume that S* is a point in Theorem 
14.11 for simplicity. If X^^o = 0, then it is enough to treat irreducible quasi- 
log varieties by Step 1. Thus, we can assume that X is irreducible. Let 
/ : y — s> X be a proper birational morphism from a smooth projective 
variety. If X is normal, then i/°(X, Ox{mL)) ~ H°{Y, OY{mf*L)) for any 
m > 0. However, X is not always normal (see Example 14.81 below). So, it 
sometimes happens that OY{mf*L) has many global sections but Ox{mL) 
has only a few global sections. Therefore, we can not easily reduce the 
problem to the case when X is projective. This is the reason why we assume 
that 71 : X ^ S is projective. See also Proposition 13.651 

Example 4.8. Let M = and let X be a nodal curve on M. Then (M, X) 
is an Ic pair. By Example 13.311 [X, Kx] is a quasi-log variety with only qlc 
singularities. In this case, X is irreducible, but it is not normal. 

4.2 Basic properties of dlt pairs 

In this section, we prove supplementary results on dlt pairs. First, let us 
reprove the following well-known theorem. 

Theorem 4.9. Let (X, D) be a dlt pair. Then X has only rational singular- 
ities. 

Proof, (cf. ^ Chapter VII, 1.1. Theorem]). By the definition of dlt, we can 
take a resolution / : F — > X such that Exc(/) and Exc(/) U Supp/^^D are 
both simple normal crossing divisors on Y and that Ky + fZ^D = f*{Kx + 
D) + E with '~E^ > 0. We can take an effective /-exceptional divisor A 
on Y such —A is /-ample (see, for example, [F7, Proposition 3.7.7]). Then 
^E^ - {Ky + f-^D + {-E} + eA) = -f*{Kx + D) - eA is /-ample for 
6 > 0. If < £ < 1, then {YJ-^D + {-E} + eA) is dlt. Therefore, 
R'f^OYi^E^) = for i > (see [KMMl Theorem 1-2-5], Theorem [2321 or 
Lemma SlO] below) and /*Cy(^E^) ~ Ox- Note that ^E^ is effective and /- 
exceptional. Thus, the composition Ox — ^ Rf^Oy — > Rf^Oyi^E'^) ^ Ox is 
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a quasi-isomorphism. So, X has only rational singularities by [Kv3t Theorem 
1]. □ 



In the above proof, we used the next lemma. 

Lemma 4.10 (Vanishing lemma of Reid-Fukuda type). Let V be a smooth 
variety and let B be a boundary M.-divisor on V such that Supp-B is a simple 
normal crossing divisor. Let f : V W be a proper morphism onto a variety 
W . Assume that D is a Cartier divisor on V such that D — [Ky + B) is 
f-nef and f-log big. Then R^f^Ov{D) = for any i > 0. 

Proof. We use the induction on the number of irreducible components of 
\_B_i and on the dimension of V. If l-Bj = 0, then the lemma follows from 
the Kawamata-Viehweg vanishing theorem. Therefore, we can assume that 
there is an irreducible divisor S C \-B_i. We consider the following short 
exact sequence 

^ OviD -S)^ Ov{D) Os{D) 0. 

By induction, we see that R'f^Ov{D - S) = and R'f^Os{D) = for any 
i > 0. Thus, we have Rf^Ov{D) = for i > 0. □ 

4.11 (Weak log-terminal singularities). The proof of Theorem 14.91 works for 
weak log-terminal singularities in the sense of |KMM] . For the definition, 
see |KMM[ Definition 0-2-10]. Thus, we can recover |KMMl Theorem 1-3-6], 
that is, we obtain the following statement. 

Theorem 4.12 (cf. |KMMt Theorem 1-3-6]). All weak log-terminal singu- 
larities are rational. 

We think that this theorem is one of the most difficult results in |KMM] . 
We do not need the difficult vanishing theorem due to Elkik and Fujita (see 
|KMMl Theorem 1-3-1]) to obtain the above theorem. In Theorem 14.91 if we 
assume that (X, D) is only weak log-terminal, then we can not necessarily 
make Exc(/) and Exc(/) U Supp/~^Z) simple normal crossing divisors. We 
can only make them normal crossing divisors. However, |KMM[ Theorem 
1-2-5] and Theorem 12.421 work in this setting. Thus, the proof of Theorem 
14.91 works for weak log-terminal. Anyway, the notion of weak log-terminal 
singularities is not useful in the recent log minimal model program. So, we 
do not discuss weak log-terminal singularities here. 
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Remark 4.13. The proofs of Theorem 14 . 1 41 and Theorem 14. 171 also work for 
weak log-terminal pairs once we adopt suitable vanishing theorems such as 
Theorem 12.421 and Theorem I2.54[ 

The following theorem generalizes [FA[ 17.5 Corollary], where it was only 
proved that S is semi-normal and satisfies Serre's 5*2 condition. We use 
Lemma 12.331 in the proof. 

Theorem 4.14. Let X be a normal variety and S + B a boundary W-divisor 
such that {X, S + B) is dlt, S is reduced, and = 0. Let S = Si + ■ ■ ■ + Sk 
be the irreducible decomposition and T = Si + ■ ■ ■ + Si for 1 < I < k. Then 
T is semi-normal, Cohen-Macaulay, and has only Du Bois singularities. 

Proof. Let / : y ^ X be a resolution such that Ky + S' + B' = f*{Kx + S + 
B) -\-E with the following properties: (i) S' (resp. B') is the strict transform 
of S (resp. B), (ii) Supp(S" + B') U Exc(/) and Exc(/) are simple normal 
crossing divisors on Y, (iii) / is an isomorphism over the generic point of 
any Ic center of (X, S + B), and (iv) '"E^ > 0. We write S = T + U. Let 
T' (resp. U') be the strict transform of T (resp. U) on Y. We consider the 
following short exact sequence 

-> Oy{-T' + ^E^) Oy{^E^) Ot'{^E\t'^) 0. 

Since -T' + E ~kj Ky + U' + B' and E ~mj Ky + S' + B', we have 
-T' + ^E^ ~M,/ Ky + U' + B' + {-E} and ^E^ ~m,/ Ky + S' + B' + {-E}. 
By the vanishing theorem, Rf^Oy{-T' + ^ E'^) = R^f,Oy{^E^) = for any 
i > 0. Note that we used the vanishing lemma of Reid-Fukuda type (see 
Lemma [4.101) . Therefore, we have 

- f.Oy{-r + ^E^) -> Ox - f,OT'{^E\T>^) ^ 

and R'f^OT'{^E\T'^) = for all i > 0. Note that ^E^ is effective and /- 
exceptional. Thus, Ot — f^Or' — /*Ct'('~-^It'^)- Since T' is a simple normal 
crossing divisor, T is semi-normal. By the above vanishing result, we obtain 
Rf^Ox'i^ E\ti~^) — Ot in the derived category. Therefore, the composition 
Ot — > Rf*OT' Rf^OTi{^E\Ti~^) — Ot is a quasi-isomorphism. Apply 

RHoniTi , cu') to the quasi-isomorphism Ot — > Rf^OT' — > Ot- Then the 

composition uj^ Rf^uj^, — > cj^ is a quasi-isomorphism by the Grothendieck 
duality. By the vanishing theorem (see, for example, Lemma r2.33p . R^f^UT' = 
for z > 0. Hence, h^{uj^) C — R^~^'^f*^T', where d = dimT = 
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dimT'. Therefore, h\uj^) = for i ^ —d. Thus, T is Cohen-Macaulay. 
This argument is the same as the proof of Theorem 1 in [Kv3j . Since T' 
is a simple normal crossing divisor, T' has only Du Bois singularities. The 
quasi-isomorphism Ot —>■ Rf^Ox' —>■ Ot implies that T has only Du Bois 
singularities (cf. |Kvll Corollary 2.4]). Since the composition ujt — > f*ojT' —>■ 
ujt is an isomorphism, we obtain f^:UJTi — ojt- By the Grothendieck duality, 
Rf^OT' ^ RnomT{Rf*uj'^,,uj'^) ^ RHorriTiuj^^uj^) ^ Ot- So, R'f^Or' = 
for all i>0. □ 

We obtained the following vanishing theorem in the proof of Theorem 

Corollary 4.15. Under the notation in the proof of Theorem 14. 14|. R^J^Ot' = 
for any i > and f^Ox' — Or- 

We close this section with a non-trivial example. 

Example 4.16 (cf. |KMMl Remark 0-2-11. (4)]). We consider the P^-bundle 

71 ■.V = Pp2(Op2 © Op2(l) © Cp2(l)) ^ 

Let Fi = Pp2(Op2©C)p2(l)) and F2 = Pp2(Op2©Op2(l)) be two hypersurfaces 
of V which correspond to projections Op2 © Cp2 (1) © Cp2 (1) — > Cp2 © Cp2 (1) 
given by {x,y,z) {x,y) and {x,y,z) h-» (x,z). Let $ : — >• 1^ be the 
flipping contraction that contracts the negative section of vr : K — P^, that is, 
the section corresponding to the projection Op2©Op2(l)©Cp2(l) — >• 0p2 0. 
Let C c P2 be an elliptic curve. We put Y = n ^{C), Di = Fi\y, and 
D2 = F2\y. Let / : F X be the Stein factorization of $|y : F ^ <I>(F). 
Then the exceptional locus oi f is E = Did D2. We note that Y is smooth, 
Di -|- is a simple normal crossing divisor, and ii^ ~ C is an elliptic curve. 
Let g : Z ^ Y he the blow-up along E. Then 

Kz + D[ + D'2 + D = g*{KY + + D2), 

where D[ (resp. D2) is the strict transform of Di (resp. D2) and D is the 
exceptional divisor of g. Note that D ~ C x P^. Since 

-D + {Kz + D[ + D'2 + D)- {Kz + D[ + D'^) = 0, 

we obtain that R^f^{g^Oz{-D + Kz + D[ + D'2 + D)) = Q for any 2 > 
by Theorem 12.471 or Theorem 13.381 We note that / o is an isomorphism 
outside D. We consider the following short exact sequence 
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where Te is the defining ideal sheaf of E. Since Te = g^Oz{—D), we obtain 
that 

^ MIe ® Oy{Ky + Di + D2)) WriKY + + D^) 

^ J^Oe^Ky + Di + 1^2) ^ 

hy f,{lE®OY{KY + Di + D2)) = 0. By adjunction, Oe{Ky + Di + D2) ~ 
Oe- Therefore, Oy{Ky + Di + D2) is /-free. In particular, Ky + Di+ D2 = 
f*{Kx + 5i + B2), where = f,D^ and ^2 = f,D2. Thus, - (iT^ + 
D[ + D'^) ^fog 0. So, we have R'f^lE = R'f^{g^Oz{-D)) = for any z > 
by Theorem [flT] or Theorem [33H1 This implies that i?7*Oy ~ R'/^Oe for 
every i > 0. Thus, R'^f^OY — C(P), where P = f{E). We consider the 
following spectral sequence 

EP1 = i7P(x, i?V,Oy ® Ox(-mA)) ^ Oy(-mA)), 

where A is an ample Cartier divisor on X and m is any positive integer. Since 
H\Y, Oy(-m/*A)) = H^{Y, Oy(-m/*A)) = by the Kawamata-Viehweg 
vanishing theorem, we have 

H%X, R^UOy ® Ox{-mA)) ~ H''{X, Ox{-niA)). 

If we assume that X is Cohen-Macaulay, then we have H'^{X, Ox{—fnA)) = 
for m 3> by the Serre duality and the Serre vanishing theorem. On 
the other hand, H^{X,R^f^OY ® Oxi-mA)) ^ C(P) because P7,Cy ~ 
C(P). It is a contradiction. Thus, X is not Cohen-Macaulay. In particular, 
{X, Bi + B2) is Ic but not dlt. We note that Exc(/) = ii^ is not a divisor on 
Y. See Definition O 

Let us recall that $ : V ^ is a fiipping contraction. Let : W 
bethefiipof$. We can check that 1/+ = Ppi(Opi©Opi(l)©C»pi(l)©Opi(l)) 
and the flipped curve ~ is the negative section of vr^ : P^, 
that is, the section corresponding to the projection O^i © Cpi(l) © Cpi(l) © 
Opi(l) — > Opi — >■ 0. Let Y^ be the strict transform of Y on . Then Y^ is 
Gorenstein, Ic along E^ C F^, and smooth outside E^ . Let (resp. Dj) 
be the strict transform of Di (resp. D2) on Y^ . If we take a Cartier divisor 
P on F suitably, then (F, Di + D2) iY+,Di + is the P-flop of 
/ : F ^ X. We note that (F, P>i + D2) is dlt. However, (F+, £)+ + P)+) is Ic 
but not dlt. 
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4.2.1 Appendix: Rational singularities 

In this subsection, we give a proof to the following well-known theorem again 
(see Theorem I4.9p . 

Theorem 4.17. Let {X,D) be a dlt pair. Then X has only rational singu- 
larities. 

Our proof is a combination of the proofs in [KMt Theorem 5.22] and 
|Ko4l Section 11]. We need no difficuh duahty theorems. The arguments 
here will be used in Section 14.31 First, let us recall the definition of the 
rational singularities. 

Definition 4.18 (Rational singularities). A variety X has rational singulari- 
ties if there is a resolution f : Y —> X such that /*Oy — Ox and R f^^Oy = 
for all z > 0. 

Next, we give a dual form of the Grauert-Riemenschneider vanishing 
theorem. 

Lemma 4.19. Let f : Y ^ X be a proper birational morphism from a 
smooth variety Y to a variety X . Let x E X be a closed point. We put 
F = f~^[x). Then we have 

Hi,{Y,OY) = 

for any i < n = dimX. 

Proof. We take a proper birational morphism g : Z —>■ Y from a smooth 
variety Z such that f o g is projective. We consider the following spectral 
sequence 

i?f = H^Y, R^g.Oz) Hl+\Z, Oz), 

where E = g~^{F) = (/ o g)~^{x). Since R^g^Oz = for g > and g^Oz ^ 
Oy, we have Hp(Y, Oy) ~ IL^{,Z, Oz) for any p. Therefore, we can replace Y 
with Z and assume that / : F — > X is projective. Without loss of generality, 
we can assume that X is affine. Then we compactify X and assume that X 
and Y are projective. It is well known that 

Wp{Y, Oy) ^ limExt'(C>™F, Oy) 
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(see [21 Theorem 2.8]) and that 



Hom(Ext^(C„^, Oy), C) - H''-\Y, O^p ® ^y) 

by duahty on a smooth projective variety Y (see |H2t Theorem 7.6 (a)]). 
Therefore, 

Hom(i7],(F, Oy), C) ~ Hom(hmExtXCmF, Cy), C) 

m 

^ (i?"-7*^r): 

by the theorem on formal functions (see [H2t Theorem 11.1]), where {R^~'^f^ujY) 
is the completion of R"'~'^f^ujY at x G X. On the other hand, R'^~'^f^,ujY = 
for i < n by the Grauert-Riemenschneider vanishing theorem. Thus, 
Hj,{Y, Oy) = for z < n. □ 

Remark 4.20. Lemma [4.191 holds true even when Y has rational singulari- 
ties. It is because R^g^Oz = for g > and g^Oz — Oy holds in the proof 
of Lemma 14.191 

Let us go to the proof of Theorem 14.171 

Proof of Theorem 14.171 Without loss of generality, we can assume that X 
is affine. Moreover, by taking generic hyperplane sections of X, we can 
also assume that X has only rational singularities outside a closed point 
X G X. By the definition of dlt, we can take a resolution f : Y —>■ X 
such that Exc(/) and Exc(/) U Supp/~^D are both simple normal crossing 
divisors on Y, Ky + fZ^D = f*{Kx + D) + E with ^E^ > 0, and that / is 
projective. Moreover, we can make / an isomorphism over the generic point 
of any Ic center of {X,D). Therefore, by Lemma |4.10[ we can check that 
R'f^OYi^E^) = for any i > 0. See also the proof of Theorem SH We 
note that f^OY^E^) ~ Ox since ''E'^ is effective and /-exceptional. For 
any i > 0, by the above assumption, f^OY is supported at a point x G X 
if it ever has a non-empty support at all. We put F = f~^{x). Then we have 
a spectral sequence 

Ei' = Hl{X,R^f,OYi^E^)) ^ Wp+\Y,Oy{^E^)). 
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By the above vanishing resuh, we have 



for every i > 0. We obtain a commutative diagram 

P 

Hl{X,Ox) = Hl{X,Ox). 

We have aheady checked that (3 is an isomorphism for every i and that 
Wp{Y, Oy) = for 2 < n (see Lemma El). Therefore, Hi{X, Ox) = for 
any i < n = dimX. Thus, X is Cohen-Macaulay. For i = n, we obtain that 

a:H:{X, Ox)^H'f{Y,Oy) 

is injective. We consider the following spectral sequence 

El' = Hl{X, R'hOy) ^ W;\Y, Oy). 

We note that Hl^{X, W f^Oy) = for any i > and j > since SuppW f^Oy C 
{x} for j > 0. On the other hand, E2^ = H^^{X,Ox) = for any i < n. 
Therefore, H^{X,Wf,Oy) - Hi{X,Ox) = for all j < n - 2. Thus, 
Rif^Oy = for 1 < J < n - 2. Since H^-\X, Ox) = 0, we obtain that 

^ R^-^UOy) H^{X, Ox) ^ H^iY, Oy) ^ 

is exact. We have already checked that a is injective. So, we obtain that 
H^{X,R''-^f^Oy) = 0. This means that R^-^f^Oy = 0. Thus, we have 
R^f^^Oy = for any i > 0. We complete the proof. □ 



4.3 Alexeev's criterion for condition 

In this section, we explain Alexeev's criterion for Serre's S3 condition (see 
Theorem 14.211) . It is a clever application of Theorem 12.391 (i). In general, 
log canonical singularities are not Cohen-Macaulay. So, the results in this 
section will be useful for the study of Ic pairs. 
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Theorem 4.21 (cf. [Xl] Lemma 3.2]). Let (X, B) be an Ic pair with dimX = 
n > 3 and let P E X be a scheme theoretic point such that dim {P} < n — 3. 
Assume that {P} is not an Ic center of {X,B). Then the local ring Ox,p 
satisfies Serre's condition. 

We slightly changed the original formulation. The following proof is essen- 
tially the same as Alexeev's. We use local cohomologies to calculate depths. 

Proof. We note that Ox,p satisfies Serre's 5*2 condition because X is normal. 
Since the assertion is local, we can assume that X is affine. Let / : F — > X 
be a resolution of X such that Exc(/)USupp/~^i? is a simple normal crossing 
divisor on Y . Then we can write 

Ky + By = nKx + B) 

such that Supp-By is a simple normal crossing divisor on Y . We put A = 
^-{B<^y > 0. Then we obtain 

A = Ky + Bf + {By} - f*{Kx + B). 

Therefore, by Theorem 12.391 (i), the support of every non-zero local section 
of the sheaf -R^/^,(9y (A) contains some Ic centers of {X,B). Thus, P is not 
an associated point of f^^Oy^A). 

We put Xp = SpecOx,p and Yp = Y Xx Xp. Then P is a closed point of 
Xp and it is sufficient to prove that Hp{Xp, Oxp) = 0. We put F = f~^{P), 
where f : Yp ^ Xp. Then we have the following vanishing theorem. It is 
nothing but Lemma [4.191 when P is a closed point of X. 

Lemma 4.22 (cf. Lemma W7[^ . We have Wp{Yp,OYp) = for i < n - 
dim{P}. 

Proof of Lemma 14.221 Let / denote an injective hull of Oxp/fnp as an Oxp- 
module, where mp is the maximal ideal corresponding to P. We have 

RTfOyp ^ RTp{Rf,OYp) 

~ Hom(P/,Oy(iry) ® Oxp[n - m],/), 

where m = dim {P}, by the local duality theorem ( |Hll Chapter V, Theorem 
6.2]) and the Grothendieck duality theorem (|Hli Chapter VII, Theorem 
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3.3]). We note the shift that normahze the duahzing complex ujxp- Therefore, 
we obtain Hp(Yp, Oyp) = for i < n — m because f^OyiKy) = for any 
j > by the Grauert-Riemenschneider vanishing theorem. □ 

Let us go back to the proof of the theorem. We consider the following 
spectral sequences 

= HUXp,R^f.Oy,{A)) Hp-\Yp,Oy,{A)), 

and 

'Ef = HUXp, R'^hOy,) Hl^\Yp, Oy,). 

By the above spectral sequences, we have the next commutative diagram. 
HUYp, Oy,) HliYp, OyM)) 

''cf> 

Hj,{Xp, UOy,) HUXp, Wy.iA)) 



Hp{Xp, Oxp) ^=^= Hp[Xp, Oxp) 
Since P is not an associated point of R^ f^:Oy{A), we have 

= Hl{Xp,R^f,Oy,{A)) = 0. 

By the edge sequence 

we know that (f) : £'2'" — > E'^ is injective. Therefore, Hp{Xp,Oxp) — ^ 
Hp(Yp,Oyp) is injective by the above big commutative diagram. Thus, we 
obtain Hj,{Xp, Oxp) = since H],iYp, Oy^) = by Lemma □ 

Remark 4.23. The original argument in the proof of [AH. Lemma 3.2] has 
some compactification problems when X is not projective. Our proof does 
not need any compactifications of X. 

As an easy application of Theorem 14.211 we have the following result. It 
is |A1[ Theorem 3.4]. 
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Theorem 4.24 (cf. [XII Theorem 3.4]). Let {X,B) be an Ic pair and let D 
be an effective Cartier divisor. Assume that the pair (X, B + eD) is Ic for 
some e > 0. Then D is 82- 

Proof. Without loss of generality, we can assume that dimX = n > 3. Let 
P G -D C X be a scheme theoretic point such that dim{P} < n — 3. We 
localize X at P and assume that X = Spec(9x,p- By the assumption, {P} is 
not an Ic center of (X, B). By Theorem|12Il we obtain that if|,(X, Ox) = 
for i < 3. Therefore, Hp{D, Od) = for i < 2 by the long exact sequence 

> H^X, Oxi-D)) ^ Wp{X, Ox) ^ H^D, Od) ^ ■ ■ ■ ■ 

We note that H'p{X, Oxi-D)) ~ H},{X, Ox) = for i < 3. Thus, D satisfies 
Serre's 5*2 condition. □ 

We give a supplement to adjunction (see Theorem 13.391 (i)). It may be 
useful for the study of limits of stable pairs (see [Sj). 

Theorem 4.25 (Adjunction for Cartier divisors on Ic pairs). Let (X, P) be 

an Ic pair and let D be an effective Cartier divisor on X such that (X, B-\-D) 
is log canonical. Let V be a union of Ic centers of (X, B) . We consider V as 
a reduced closed subscheme of X . We define a scheme structure on V (1 D 
by the following short exact sequence 

^ Ovi-D) ^Ov^ Ovno ^ 0. 

Then, Oynn 'is reduced and semi-normal. 

Proof. First, we note that V (1 D is a union of Ic centers of (X, B + D) 
(see Theorem 13.461) . Let / : F ^ X be a resolution such that Exc(/) U 
Supp/~^(P + P) is a simple normal crossing divisor on Y. We can write 

Ky + BY = f*{Kx + B + D) 

such that SuppPy is a simple normal crossing divisor on Y. We take more 
blow-ups and can assume that f^^iV fl D) and f~^{V) are simple normal 
crossing divisors. Then the union of all strata of Py^ mapped to \^ fl P 
(resp. V), which is denoted by W (resp. U + W), is a divisor on Y. We put 
A = (Py^)"' > and consider the following commutative diagram. 

Oy{A-U-W) Oy{A) Ou+w{A) 

OviA - W) OviA) Ow{A) 
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By applying /^,, we obtain the next big diagram by Theorem 12.391 (i) and 
Theorem 13.391 (i) . 





f,Ou{A-W) 

Wy{A -U-W) Ox Ov 

^f,OY{A~W) ^Ox ^OvnD -0 

f.OuiA -W) 



A key point is that the connecting homomorphism 

-W)^ R'Wy{A -U-W) 

is a zero map by Theorem 12.391 (i). We note that Oy and OvnD in the 
above diagram are the structure sheaves of qlc pairs V and VdD induced by 
{X,B + D). In particular, Oy — f*Ou+w and OynD — f*Ow- So, Oy and 
Ovr\D are reduced and semi-normal since W and U + W are simple normal 
crossing divisors on Y. 

Therefore, to prove this theorem, it is sufficient to see that f^,Ou{A~W) ~ 
Ov{—D). We can write 

A = KY + Bf + {By} - r{Kx + B + D) 

and 

rD = w + E + f;'D, 

where E is an effective /-exceptional divisor. We note that f^^D fl f/ = 0. 
Since A-W = A - f*D + E + f'^D, it is enough to see that f*Ou{A + 
E + f~^D) ~ f^Ou{A + ^ Oy- We consider the following short exact 
sequence 

^ Oy{A + E-U) ^ Oy{A + E)^ Ou{A + E) ^ 0. 
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Note that 



A + E-U = Ky + B^^- f;^D -U-W + {By} - r{Kx + B). 

Thus, the connecting homomorphism f^,Ou{A + E) ^ R^f^OyiA + E — U) 
is a zero map by Theorem 12.391 (i). Therefore, we obtain that 

^ WriA + E-U)^Ox^ UOu{A + ^ 0. 

So, we have f^:Ou{A + .E) ^ Oy- We finish the proof of this theorem. □ 

The next corollary is one of the main results in [Al] . The original proof 
in [Xl] depends on the S'2-fication. Our proof uses adjunction (see Theorem 
14.251) . As a result, we obtain the semi- normality of \-B_i fl D. 

Corollary 4.26 (cf. [AH Theorem 4.1]). Let {X,B) be an Ic pair and let D 
he an effective Cartier divisor on D such that {X, B + D) is Ic. Then D is 
S2 and the scheme \-B_i (1 D is reduced and semi-normal. 

Proof. By Theorem 14.241 D satisfies Serre's 5*2 condition. By Theorem 14.251 
lSj n D is reduced and semi-normal. □ 

The following proposition may be useful. So, we contain it here. It is |A1[ 
Lemma 3.1] with slight modifications as Theorem 14.211 

Proposition 4.27 (cf. [XT] Lemma 3.1]). Let X be a normal variety with 
dimX = n > 3 and let f : Y —>■ X be a resolution of singularities. Let 
P E X be a scheme theoretic point such that dim{P} < n — 3. Then the 
local ring Ox,p is S3 if and only if P is not an associated point of f^.OY ■ 

Proof. We put Xp = SpecOx,p, Yp = Y Xx Xp, and F = f-\P), where 
f : Yp Xp. We consider the following spectral sequence 

El' = Wp{X, R'f.Oy,) Hf\Yp, Oy,). 

Since Hp(Yp, Oyp) = Hp{Yp, Oyp) = by Lemma |4.22[ we have an isomor- 
phism HUXp.R^f.Oyj,) - Hl\Xp,Oxp). Therefore, the depth of Ox,p is 
> 3 if and only if Hl{Xp,Oxp) = H%{Xp,R^ f^Oy^) = 0. It is equivalent 
to the condition that P is not an associated point of R^f^^Oy. □ 

4.28 (Supplements). Here, we give a slight generalization of [All Theorem 
3.5]. We can prove it by a similar method to the proof of Theorem 14.211 
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Theorem 4.29 (cf. |Alt Theorem 3.5]). Let {X,B) be an Ic pair and D an 
effective Cartier divisor on X such that {X,B + eD) is Ic for some e > Q. 
Let V be a union of some Ic centers of (X, B) . We consider V as a reduced 
closed subscheme of X . We can define a scheme structure on V (1 D by the 
following exact sequence 

^ Ov{-D) ^Ov^ OvnD ^ 0. 

Then the scheme VnD satisfies Serre's Si condition. In particular, \_B_inD 
has no embedded point. 

Proof. Without loss of generality, we can assume that X is affine. We take 
a resolution f : Y ^ X such that Exc(/) U Supp/~^i? is a simple normal 
crossing divisor on Y. Then we can write 

KY + BY = f*{Kx + B) 

such that Supp-By is a simple normal crossing divisor on Y. We take more 
blow-ups and can assume that the union of all strata of By^ mapped to V, 
which is denoted by W, is a divisor on Y. Moreover, for any Ic center C of 
{X,B) contained in V, we can assume that f~^{C) is a divisor on Y. We 
consider the following short exact sequence 

^ Oy{A -W)^ Oy{A) -> Ow{A) 0, 

where A = > 0. By taking higher direct images, we obtain 

f,OY{A -W)^Ox^ f.Ow{A) ^ R^f,OY{A -W)^--- . 

By Theorem EJi (i), we have that f^Ow{A) R^f^OY{A - W) is a zero 
map, f^Ow{A) ~ Cy, and /*(9y(y4 — W) ~ Ty, the defining ideal sheaf 
of V on X. We note that /*Cvk — C'y- In particular, Oy is reduced and 
semi- normal. For the details, see Theorem 13.391 (i). 

Let P E V D D he a. scheme theoretic point such that the height of P 
in OvnD is > 1. We can assume that dim\^ > 2 around P. Otherwise, the 
theorem is trivial. We put Vp = SpecOy^p, Wp = WxyVp, and F = f~^{P), 
where / : Wp —>■ Vp. We denote the pull back of D on Vp by D for simplicity. 
To check this theorem, it is sufficient to see that Hp{Vp fl D, Ovpno) = 0. 
First, we note that H'^p{Vp,Ovp) = H'^iWp,Owp) = by f,Ow ^ Oy. 
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Next, as in the proof of Lemma [4.22[ we have 



~ Eom{RHom{Rf^Owp,uJy^), I) 

~ Rom{Rf,Ow{Kw) ® Oyp[n - 1 - m], I), 

where n = dimX, m = dim {P}, and / is an injective hull of Ovp/fnp as an 
Oyp-module such that mp is the maximal ideal corresponding to P. Once we 
obtain R''-"'-^ f^OwiKw) ® Cyp = 0, then H^p{Wp,Owp) = 0. It implies 
that H},{Vp,Ovp) = since H},{Vp,Ovp) C H},{Wp,Owp)- By the long 
exact sequence 

. H'^iVp, Ovp) ^ H^piVp n D, Ovpno) 

-.Hl{Vp,Ovp{-D))^-- - , 

we obtain HpiVp fl D^Ovpno) = 0. It is because Hp(yp,Ovp) = and 
H},{Vp,Ovp{-D)) ~ H},{Vp,Ovp) = 0. So, it is sufficient to see that 
R^-^-^f,Ow{Kw) ® Ovp = 0. 

To check the vanishing of R"'~"^~'^ f^OwiKw) (g) Ovp, by taking general 
hyperplane cuts m times, we can assume that m = and P G X is a closed 
point. We note that the dimension of any irreducible component of V passing 
through P is > 2 since P is not an Ic center of (X, B) (see Theorem I3.46p . 

On the other hand, we can write W = Ui + U2 such that U2 is the union 
of all the irreducible components of W whose images by / have dimensions 
> 2 and Ui = W — 1/2- We note that the dimension of the image of any 
stratum of t/2 by / is > 2 by the construction of f : Y ^ X. We consider 
the following exact sequence 

• ■ ■ ^ R^-^f^OuMu,) R^'-'f.OwiKw) 

^ R^-^f,Ou,iKu, + U2\u,) ^ R'^-'f.OuMu,) ^ • • • • 

We have R""-^ f^Ou^{Ku^) = R"""^ f^Ou^{Ku^) = around P since the di- 
mension of general fibers of / : U2 f{U2) is < n — 3. Thus, we obtain 
R^'-^f^OwiKw) ^ R'^-^f^OuAKui + ^2|c/i) around P. Therefore, the sup- 
port of P"~^/*(9vk(-^vk) around P is contained in one-dimensional Ic centers 
of (X, B) in V and P"~^/*OvK(-^iy) has no zero- dimensional associated point 
around P by Theorem 12.391 (i). By taking a general hyperplane cut of X 
again, we have the vanishing of P"~^/*(9vy(-^vy) around P by Lemma [4.301 
below. So, we finish the proof. □ 
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We used the following lemma in the proof of Theorem 14.291 

Lemma 4.30. Let {Z, A) be an n- dimensional Ic pair and let x E Z be a 
closed point such that x is an Ic center of {Z, A). Let V be a union of some 
Ic centers of {X, B) such that dim V > 0, x E V , and x is not isolated in V . 
Let f : Y ^ Z be a resolution such that f^^{x) and f~^{V) are divisors on 
Y and that Exc(/) U Supp/^^A is a simple normal crossing divisor on Y . 
We can write 

Ky + By = f*{Kz + A) 

such that SuppSy is a simple normal crossing divisor on Y. Let W be 
the union of all the irreducible components of By^ mapped to V . Then 
K^'^f^OwiLCw) = around x. 

Proof. We can write W = Wi + W2, where W2 is the union of all the irre- 
ducible components of W mapped to x by / and Wi = W — W2. We consider 
the following short exact sequence 

^ Oy{Ky) ^ Oy{Ky + W)^ Ow{Kw) 0. 

By the Grauert-Riemenschneider vanishing theorem, we obtain that 

R'~^f,OY{KY + W)c^ R^''f,Ow{Kw). 

Next, we consider the short exact sequence 

^ Oy{Ky + Wi) ^ Oy{Ky + W)^ OwAKw2 + W^iIvfJ 0. 

Around x, the image of any irreducible component of Wi by / is positive 
dimensional. Therefore, R^~^ f^OYiKy + Wi) = near x. It can be checked 
by the induction on the number of irreducible components using the following 
exact sequence 

> R^-'f,OY{KY + Wi-S)^ K'~^f,OY{KY + PFi) 

^ R^-^f.Os{Ks + {W^-S)\s)^-- - , 
where S is an irreducible component of Wi. On the other hand, we have 
R^-^f,Ow,{Kw, + Wi\w,) ^ H^~\W2, OwMw, + W,\w,)) 

and H''-\W2, Ow,iKw2 + W^ik^)) is dual to H'^{W2, Ow.i-Wilw^))- Note 
that f,^Ow2 — C'x and f*Ow — Oy by the usual argument on adjunction 
(see Theorem 13.391 (i)). Since W2 and W = Wi + W2 are connected over 
X, H^{W2,Ow2{-Wi\w2)) = 0. We note that Wi\w2 7^ since x is not 
isolated in V. This means that R^~^ fj.OwiKw) = around x by the above 
arguments. □ 
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4.3.1 Appendix: Cone singularities 

In this subsection, we collect some basic facts on cone singularities for the 
reader's convenience. First, we give two lemmas which can be proved by the 
same method as in Section 14.31 We think that these lemmas will be useful 
for the study of log canonical singularities. 

Lemma 4.31. Let X he an n- dimensional normal variety and let f : Y ^ X 

be a resolution of singularities. Assume that W'f^Oy = for 1 < i < n — 2. 
Then X is Cohen-Macaulay. 

Proof. We can assume that n > 3. Since Suppi?"^^/^,(9y is zero-dimensional, 
we can assume that there exists a closed point x G X such that X has only 
rational singularities outside x by shrinking X around x. Therefore, it is 
sufficient to see that the depth of Ox,x is > n = dimX. We consider the 
following spectral sequence 

Ei^ = HiiX, Wf^Oy) Hp-\Y, Oy), 

where F = f-\x). Then Hi{X,Ox) = Ef E'^ = for i < n - 1. It is 
because Hp{Y, Oy) = for i < n — 1 by Lemma [4.191 This means that the 
depth of Ox,x is > n. So, we have that X is Cohen-Macaulay. □ 

Lemma 4.32. Let X he an n-dimensional normal variety and let f : Y X 
he a resolution of singularities. Let x E X be a closed point. Assume that 
X is Cohen-Macaulay and that X has only rational singularities outside x. 
Then R'f^Oy = for 1 < i < n - 2. 

Proof We can assume that n > 3. By the assumption, SnppK^f^Oy C {x} 
for 1 < z < n — 1. We consider the following spectral sequence 

El^ = Hl{X, Wf^Oy) H'^^iY, Oy), 

where F = f-\x). Then H^{X,R^f,Oy) = E^^ ~ = for j < n - 2 
since E^^ = for z > and j > 0, = for z < n - 1, and H^p{Y, Oy) = 
for j < n. Therefore, R f^Oy = for 1 < z < n — 2. □ 

We point out the following fact explicitly for the reader's convenience. It 
is 11.2 Theorem. (11.2.5)]. 

Lemma 4.33. Let f : Y ^ X he a proper morphism, x E X a closed point, 
F = f~^{x) and G a sheaf on Y. // Suppi^-'/^G C {x} for 1 < i < k and 
WpiY, G) = fori< k, then W f,G - Hi+\X, f,G) for j = 1, ■ ■ ■ , k - 1. 
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The assumptions in Lemma 14.321 are satisfied for n-dimensional isolated 
Colien-Macaulay singularities. Therefore, we have the following corollary of 
Lemmas K3T\ and 02l 

Corollary 4.34. Letx & X be an n-dimensional normal isolated singularity. 
Then x & X is Cohen-Macaulay if and only if K^f^Oy = for 1 < i < n — 2, 
where f : Y ^ X is a resolution of singularities. 

We note the following easy example. 

Example 4.35. Let V be a cone over a smooth plane cubic curve and let if : 
W ^ V he the blow-up at the vertex. Then W is smooth and Kw = ip*Kv — 
E, where E is an elliptic curve. In particular, V is log canonical. Let C be a 
smooth curve. We put Y = WxC,X = VxC, and f = x idc -.Y^X, 
where idc is the identity map of C. By the construction, X is a log canonical 
threefold. We can check that X is Cohen-Macaulay by Theorem 14.211 or 
Proposition 14.271 We note that R^f^Oy 7^ and that R^f^Oy has no zero- 
dimensional associated components. Therefore, the Cohen-Macaulayness of 
X does not necessarily imply the vanishing of f^^Oy. 

Let us go to cone singularities (cf. |Ko4t 3.8 Example] and |Ko5t Exercises 
70, 71]). 

Lemma 4.36 (Projective normality). Let X C be a normal projective 
irreducible variety and V C A^+^ the cone over X . Then V is normal if and 
only if {F^ , 0]pN {m)) — >■ if°(X, 0x(^)) "is surjective for any m > 0. In 
this case, X C is said to be projectively normal. 

Proof. Without loss of generality, we can assume that dimX > 1. Let P & V 
be the vertex of V. By the construction, we have Hp{V, Oy) = 0. We 
consider the following commutative diagram. 

ifO(A^+i, O^iv+i) ifO(A^+i \ P, OAiv+i) 

H%V, Ov) H\V \ P, Ov) Hl{V, Oy) 



We note that i/*(V, Oy) = for any z > since V is affine. By the above 
commutative diagram, it is easy to see that the following conditions are 
equivalent. 
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(a) V is normal. 

(b) the depth of Ov,p is > 2. 

(c) HUV,Ov)=0. 

(d) H%A^+^ \ P, Oj,N+i) ^H^{V\ P, Oy) is surjective. 

The condition (d) is equivalent to the condition that if°(P^, (9piv(m)) — > 
H^{X, Ox{iTi)) is surjective for any m > 0. We note that 

i7°(A^+i \ P, Oj,N^.) ^ /f°(P^, Opiv(m)) 

m>0 

and 

H%V\P,Ov)^^H%X,Oxim)). 

So, we finish the proof. □ 

The next lemma is more or less well known to the experts. 

Lemma 4.37. Let X C be a normal projective irreducible variety and 
V C A^^"*^ the cone over X . Assume that X is projectively normal and that 
X has only rational singularities. Then we have the following properties. 

(1) V is Cohen-Macaulay if and only if H^{X,Ox{iti)) = for any < 
i < dimX and m > 0. 

(2) V has only rational singularities if and only if H^{X,Ox{itl)) = for 
any i > and m > 0. 

Proof. We put n = dimX and can assume n > 1. For (1), it is sufficient to 
prove that H'p{V, Cy) = for 2 < i < n if and only if H'{X, Ox{m)) = 
for any < i < n and m > since V is normal, where P G \^ is the vertex 
of V. Let f : W ^ V he the blow-up at P and ~ X the exceptional 
divisor of /. We note that W is the total space of 1) over E X 

and that W has only rational singularities. Since V is affine, we obtain 
H%V \ P,Ov) ^ H'^\V,Ov) for any i > 1. Since W has only rational 
singularities, we have Ow) = for i < n + 1 (cf. Lemma 14.191 and 

Remark I4.20p . Therefore, 

H\V \ P, Ov) ^ H\W \ E, Ow) ^ H\W, Ow) 
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for i < n — 1. Thus, 

HUV, Ov) ^ H^~\V \ P, Ov) ^ H^-\W, Ow) ^ H''~\X, Ox{m)) 

m>0 

for 2 < i < n. So, we obtain the desired equivalence. 

For (2), we consider the following commutative diagram. 

H"iV \ P, Ov) if^+^(V^, Ov) 

. H^{w, Ow) H^{W \ E, Ow) H^^\W, Ow) 

We note that V is Cohen-Macaulay if and only if R f^Ow = for 1 < i < 
n — 1 (cf. Lemmas 14.311 and I4.32p since W has only rational singularities. 
From now on, we assume that V is Cohen-Macaulay. Then, V has only 
rational singularities if and only if EJ^f^Ow = 0. By the same argument 
as in the proof of Theorem I4.17[ the kernel of a is Hp{V, R"- f^,Ow) ■ Thus, 
R^f.Ow = if and only if H^{W, Ow) ^ ©^>o H^iX, Ox{m)) = by the 
above commutative diagram. So, we obtain the statement (2). □ 

The following proposition is very useful when we construct some exam- 
ples. We have already used it in this book. 

Proposition 4.38. Let X C be a normal projective irreducible variety 
and V C A^^-*^ the cone over X . Assume that X is projectively normal. Let 
A be an effective M.-divisor on Xand B the cone over IS.. Then, we have the 
following properties. 

(1) Kv + B is M.-Cartier if and only if Kx + A ~]r rH for some r G M, 
where H <Z X is the hyperplane divisor on X C P^. 

(2) IfKx + A ~K rH, then (F, B) is 

(a) terminal if and only if r < —1 and (X, A) is terminal, 

(b) canonical if and only if r < —1 and (X, A) is canonical, 

(c) kit if and only if r < and {X, A) is kit, and 

(d) Ic if and only if r < and {X, A) is Ic. 
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Proof. Let f : W ^ V he the blow-up at the vertex P E V and ~ X 
the exceptional divisor of /. If Ky + -B is R-Cartier, then Ky^ + f^^B ~]r 
f*{Ky + B) + aE for some a G M. By restricting it to i?, we obtain that 
Kx + A ~iR —(a + \)H. On the other hand, if Kx + A ~ir rH, then 
-f^w + ~M — (r + !)£'. Therefore, Ky + -B ~m on V . Thus, we have 

the statement (1). For (2), it is sufficient to note that 

Kw + f;^B = r{Kx + B)-{r + l)E 

and that W is the total space of Ox{—^) over ~ X. □ 

4.4 Toric Polyhedron 

In this section, we freely use the basic notation of the toric geometry. See, 
for example, [Fl] . 

Definition 4.39. For a subset $ of a fan A, we say that $ is star closed if 
a & E IS. and a -< r imply r G 

Definition 4.40 (Toric Polyhedron). For a star closed subset $ of a fan A, 
we denote by y = Y{^) the subscheme Uo-e* ^(^) of -'^ = -^(A), and we 
call it the toric polyhedron associated to $. 

Let X = X(A) be a toric variety and let D be the complement of the big 
torus. Then the following property is well known. 

Proposition 4.41. The pair {X,D) is log canonical and Kx + -D ~ 0. Let 

W be a closed subvariety of X . Then, W is an Ic center of {X,D) if and 
only ifW = V{a) for some a E A \ {0}. 

Therefore, we have the next theorem by adjunction (see Theorem 13.391 
(i))- 

Theorem 4.42. Let Y = F($) be a toric polyhedron on X = X(A). Then, 
the log canonical pair {X,D) induces a natural quasi-log structure on [F, 0]. 
Note that [F, 0] has only qlc singularities. Let W be a closed subvariety ofY. 
Then, W is a qlc center of [F, 0] if and only ifW = V{cr) for some cr G 

Thus, we can use the theory of quasi-log varieties to investigate toric 
varieties and toric polyhedra. For example, we have the following result as a 
special case of Theorem 13.391 (ii). 
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Corollary 4.43. We use the same notation as in Theorem 14.421 Assume 
that X is projective and L is an ample C artier divisor. Then H^{X,Xy ® 
Ox{L)) = for any i > 0, where ly is the defining ideal sheaf ofY on X . 
In particular, H^{X, Ox{L)) —>■ H'^iY, Oy{L)) is surjective. 

We can prove various vanishing theorems for toric varieties and toric 
polyhedra without appealing the results in Chapter O For the details, see 

4.5 Non-lc ideal sheaves 

In |F15j . we introduced the notion of non-lc ideal sheaves and proved the 
restriction theorem. In this section, we quickly review the results in |F15j . 

Definition 4.44 (Non-lc ideal sheaf). Let X be a normal variety and let A 
be an M-divisor on X such that Kx + A is M-Cartier. Let / : y — ^ X be a 
resolution with Ky + Ay = f*{Kx + A) such that SuppAy is simple normal 
crossing. Then we put 

jNLciX, A) = /,Oy(r-(A<l)^ - lA>1 j) = /,Oy(-LAyj + A^^^) 

and call it the non-lc ideal sheaf associated to {X, A). 

In Definition I4.44[ the ideal Jnlc{.X, A) coincides with Tx_^ for the 
quasi-log pair [X, Kx + A] when A is effective. 

Remark 4.45. In the same notation as in Definition I4.44[ we put 

A) = /,Oy(-LAyj) = f.OY{KY - ^f*{Kx + A) j). 

It is nothing but the well-known multiplier ideal sheaf. It is obvious that 
J{X,A)CJ^Lc{X,A). 

The following theorem is the main theorem of |F15j . We hope that it will 
have many applications. For the proof, see |F15] . 

Theorem 4.46 (Restriction Theorem). Let X be a normal variety and let 
S + B be an effective M.-divisor on X such that S is reduced and normal 
and that S and B have no common irreducible components. Assume that 
Kx + S + B IS R-Cartzer. We put Ks + Bg = {Kx + S + B)\s. Then we 
obtain that 

Jnlc{S, Bs) = Jnlc{X, S + B)\s. 



139 



Theorem 14.461 is a generalization of the inversion of adjunction on log 
canonicity in some sense. 

Corollary 4.47 (Inversion of Adjunction). We use the notation as in The- 
oremU3ni Then, {S, Bs) is Ic if and only if {X, S + B) is Ic around S. 

In |Kw] . Kawakita proved the inversion of adjunction on log canonicity 
without assuming that S is normal. 

4.6 Effective Base Point Free Theorems 

In this section, we state effective base point free theorems for log canonical 
pairs without proof. First, we state Angehrn-Siu type effective base point 
free theorems (see |ASj and [Ko4j ) . For the details of Theorems 14.481 and 
KM see [FT4] . 

Theorem 4.48 (Effective Freeness). Let (X, A) be a projective log canonical 
pair such that A is an effective Q- divisor and let M be a line bundle on X . 
Assume that M = Kx + A + N , where N is an ample Q-divisor on X . Let 
X E X be a closed point and assume that there are positive numbers c{k) with 
the following properties: 

(1) If X E Z <Z X is an irreducible {positive dimensional) subvariety, then 

^^dimZ . ^-^ > c(dimZ)'^''^^. 

(2) The numbers c{k) satisfy the inequality 

dim X , 
k=l ^ ' 

Then M has a global section not vanishing at x. 

Theorem 4.49 (Effective Point Separation). Let (X, A) be a projective log 
canonical pair such that A is an effective Q-divisor and let M be a line bundle 
on X . Assume that M = Kx + A + N, where N is an ample Q-divisor on X . 
Let Xi,X2 E X be closed points and assume that there are positive numbers 
c{k) with the following properties: 
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(1) If Z G X is an irreducible {positive dimensional) subvariety which 
contains Xi or X2, then 

^^dimz . 2^ ^ c(dimZ)'i™^. 

(2) The numbers c{k) satisfy the inequality 

dim X , 

t[ cik) 

Then global sections of M separates Xi and X2- 

The key points of the proofs of Theorems 14.481 and 14.491 are the vanish- 
ing theorem (see Theorem 13.391 (ii)) and the inversion of adjunction on log 
canonicity (see Corollary 14.471 and [Kwj). 

The final theorem in this book is a generalization of KoUar's effective base 
point freeness (see |Ko2] ) . The proof is essentially the same as KoUar's once 
we adopt Theorem 13.391 (ii) and Theorem 14. 4[ For the details, see |F13j . 

Theorem 4.50. Let (X, A) be a log canonical pair with dimX = n and 
let 71 : X V be a projective surjective morphism. Note that A is an 
effective Q-divisor on X . Let L be a n-nef Cartier divisor on X . Assume 
that aL — {Kx + A) is n-nef and it -log big for some a > 0. Then there exists 
a positive integer m = m{n,a), which only depends on n and a, such that 
OxirnL) is -generated. 
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Chapter 5 
Appendix 



In this final chapter, we will explain some sample computations of flips. We 
use the toric geometry to construct explicit examples here. 

5.1 Francia's flip revisited 

We give an example of Francia's flip on a projective toric variety explicitly. It 
is a monumental example (see [E])- So, we contain it here. Our description 
looks slightly different from the usual one because we use the toric geometry. 

Example 5.1. We fix a lattice ~ Z'^ and consider the lattice points ei = 
(1,0,0), 62 = (0,1,0), 63 = (0,0,1), 64 = (1,1,-2), and 65 = (-1,-1,1). 
First, we consider the complete fan Ai spanned by 61,62,64, and 65. Since 
61 + 62 + 64 + 265 = 0, Xi = X(Ai) is P(l, 1, 1,2). Next, we take the blow-up 
f : X2 = X{A2) — > Xi along the ray 63 = (0, 0, 1). Then X2 is a projective Q- 
factorial toric variety with only one |(1, 1, l)-singular point. Since p{X2) = 2, 
we have one more contraction morphism : X2 — > X3 = ^(As). This 
contraction morphism ip corresponds to the removal of the wall (61, 62) from 
A2. We can easily check that (f is a flipping contraction. By adding the wall 
(63, 64) to A3, we obtain a flipping diagram. 

X2 - - ■> X4 

\ / 

It is an example of Francia's flip. We can easily check that X4 ~ Ppi((9pi © 
Cpi(l) © (9pi(2)) and that the flipped curve C ~ P-"^ is the section of vr : 
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Ppi(Cpi © Cpi(l) © Opi(2)) ^ defined by the projection Opi © C>pi(l) © 
Opi(2) ^ Opi ^ 0. 

By taking double covers, we have an interesting example (cf. [Ff]). 

Example 5.2. We use the same notation as in Example 15.11 Let g : X2 
be the blow-up along the ray cq = (1, 1, —1). Then X5 is a smooth projective 
toric variety. Let 0x4(1) be the tautological line bundle of the P^-bundle 
TT : X4 = Ppi(C»pi © Cpi(l) © Opi(2)) It is easy to see that 0x^(1) 

is nef and (^^^(l) ■ C = 0. Therefore, there exists a line bundle C on X3 
such that (9x^(1) ~ ip*^, where -^/^ : X4 — >• X3. We take a general member 
D G We note that |£| is free since £ is nef. We take a double cover 

X — > X4 (resp. Y — ^ X5) ramifying along Suppip'^D (resp. Supp((y9o (yi)^^/}). 
Then X is a smooth projective variety such that Kx is ample. It is obvious 
that y is a smooth projective variety and is birational to X. So, X is the 
unique minimal model of Y. We need flips to obtain the minimal model X 
from Y by running the MMP. 



5.2 A sample computation of a log flip 

Here, we treat an example of threefold log flips. In general, it is difficult 
to know what happens around the flipping curve. Therefore, the following 
nontrivial example is valuable because we can see the behavior of the flip 
explicitly. It helps us understand the proof of the special termination in 
[FH] . 

Example 5.3. We fix a lattice N = Z^. We put ei = (1, 0, 0), 62 = (-1, 2, 0), 
63 = (0, 0, 1), and 64 = (—1, 3, —3). We consider the fan 

A = {(ci, 63, 64), (e2, 63, 64), and their faces}. 

We put X = X(A), that is, X is the toric variety associated to the fan A. 
We define torus invariant prime divisors Di = V{ei) for 1 < ^ < 4. We can 
easily check the following claim. 

Claim. The pair (X, Di + D^) is a Q-factorial dlt pair. 

We put C = V^((e3,e4)) ~ P\ which is a torus invariant irreducible 
curve on X. Since (e2, 63, 64) is a non-singular cone, the intersection number 
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D2-C = 1. Therefore, C ■ = and -{Kx + Di + D3) ■ C = i. We note 
the hnear relation ei + 3e2 — 663 — 2e4 = 0. We put Y = X((ei, 62, 63, 64)), 
that is, Y is the affine toric variety associated to the cone (ei, 62, 63, 64). Then 
we have the next claim. 

Claim. The birational map f : X ^ Y is an elementary pi flipping contrac- 
tion with respect to Kx + Di + D^. 

For the definition of pi fiipping contractions, see |F8l Definition 4.3.1]. We 
note the intersection numbers C-Di = | and D^-C = —2. Let (f : X X"*" 
be the fiip of /. We note that the fiip <f is an isomorphism around any generic 
points of Ic centers of {X, Di + D^). We restrict the fiipping diagram 

X X+ 
Y 

to D3. Then we have the following diagram. 

D3 Dt 

fm 

It is not difficult to see that —>■ /(-D3) is an isomorphism. We put 
{Kx + Di + Ds)\d, = + B. Then f : D3 ^ /(D3) is an extremal 
divisorial contraction with respect to K^s + B. We note that B = -Di|_d3- 

Claim. The birational morphism f : ^ /(-^a) contracts E c:^ to a 
point Q on ~ /(-D3) and Q is a |(1, l)-singular point on ~ /(-D3). 
The surface has a |(1, 1) -singular point P , which is the intersection of E 
and B. We also have the adjunction formula {Kj:,^ + B)\b = Kb + |-P- 

Let Df be the torus invariant prime divisor V{ei) on X^ for all i and B^ 
the strict transform of B on . 

Claim. We have 

(Kx^ + Dt + Dt)\n^ = Kj,^ + B^ 

and 

{K^^+B+)\b^=Kb+ + ^Q. 
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We note that : /(-^s) is an isomorphism. In particular, 

Ds ^3+ 

\ / 

is of type (DS) in the sense of |F8l Definition 4.2.6]. Moreover, f : B ^ B^ is 
an isomorphism but / : (5, |P) — >■ (-B^, \Q) is not an isomorphism of pairs 
(see [F8l Definition 4.2.5]). We note that B is an Ic center of {X,Di + D3). 
So, we need |F8i Lemma 4.2.15]. Next, we restrict the flipping diagram to 
Di. Then we obtain the diagram. 

D, Df 

\ / 
/Pi) 

In this case, f : Di f{Di) is an isomorphism. 

Claim. The surfaces Di and are smooth. 

It can be directly checked. Moreover, we obtain the following adjunction 
formulas. 

Claim. We have 

{Kx + D^ + D,)\d, =Kd,+B+ '^B', 

where B [resp. B') comes from the intersection of Di and D^^ {resp. D4). We 
also obtain 

(Kx^ +Dt + Dt)\nt = + B^ + ^B'^ + ^F, 

where B^ {resp. B'^) is the strict transform of B [resp. B') and F is the 
exceptional curve of f^ : — ^ f{Di). 

Claim. The birational morphism : f{Di) — B>i is the blow-up at 

P = BOB'. 

We can easily check that 

+ -5'+ + -F = f+*(KD, +B + -B') - -F. 
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It is obvious that Kj^+ + + \B'^ + |F is /"*"-ample. Note that F comes 
from the intersection of and D^. Note that the diagram 

Dt 

is of type (SD) in the sense of |F8t Definition 4.2.6]. 



5.3 A non-Q- factorial flip 

I apologize for the mistake in [F7t Example 4.4.2]. We give an example of 
a three-dimensional non-Q-factorial canonical Gorenstein toric flip. See also 
|FSTUj . We think that it is difficult to construct such examples without 
using the toric geometry. 

Example 5.4 (Non-Q-factorial canonical Gorenstein toric flip). We flx a 
lattice N = 7?. Let n be a positive integer with n > 2. We take lattice 
points Co = (0, -1, 0), Cj = (n + 1 - i, Ylli^n+i-i fc, 1) for 1 < i < n + 1, and 
en+2 = (—1, 0, 1). We consider the following fans. 

Ax = {(eo, ei, 6^+2), (ei, 62, ■ ■ ■ , e^+i, 6^+2), and their faces}, 
= {(co, Ci, ■ ■ ■ , Cn+i, e„+2), and its faces}, and 
Ax+ = {(eo, Cj, Ci+i), for i = 1, n + 1, and their faces}. 

We deflne X = X{Ax),X+ = X{Ax+), and W = X{Aw). Then we have a 
diagram of toric varieties. 

X --^ X+ 
W 

We can easily check the following properties. 

(i) X has only canonical Gorenstein singularities. 

(ii) X is not Q-factorial. 

(iii) X'^ is smooth. 
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(iv) —Kx is </?-ample and Kx+ is (p'^ -ample. 

(v) if : X and : X'^ — W are small projective toric morphisms. 

(vi) p{X/W) = 1 and p{X+ /W) = n. 

Therefore, the above diagram is a desired flipping diagram. We note that 
Ci + ei+2 = 2ei+i + Co for i = 1, ■ ■ ■ , n - 1 and e„ + e„+2 = 2en+i + ""^"""^^ eo- 
We recommend the reader to draw pictures of Ax and Ax+ ■ 

By this example, we see that a flip sometimes increases the Picard number 
when the variety is not Q-factorial. 
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